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THE RAY SERIES METHOD AND DYNAMIC RAY TRACING SYSTEM
FOR THREE-DIMENSIONAL INHOMOGENEOUS MEDIA

By V. CERVENY* aND F. HRON

ABSTRACT

The ray series method is used to study propagation of seismic waves in the
three-dimensional media consisting of generally inhomogeneous layers sepa-
rated by curved interfaces. The investigation is carried out with the help of the
so-called ray centered coordinate system which was proposed by Popov and
Psencik (1978a). It is shown that in this system the principal components of the
amplitude coefficients in the ray series for S waves do not rotate about the ray
with respect to the basis vectors when the wave progresses, even though they
rotate with respect to the unit vectors i and b along the direction of the normal
and binormal to the ray, respectively. This considerably simplifies the final
expressions for the amplitude coefficients for S waves, whose two principal
components are decoupled in the ray-centered coordinate system. The ray-
centered coordinate system is also applied to the eikonal equation in order to
produce a dynamic ray tracing system consisting of three nonlinear ordinary
differential equations of the first order determining the second derivatives of the
time field and, in this manner, even the basic geometrical properties of the wave
fronts (e.g., principal curvatures and geometrical spreading) along the ray.
Several different modifications of the dynamic ray tracing system are presented.
It is demonstrated that in the case of generally inhomogeneous two-dimensional
media the dynamic ray tracing system reduces, under certain not too restrictive
conditions, to the single first order differential equation of the Riccati type.
Finally, the phase matching method is used to determine discontinuities of
individual quantities in the dynamic ray tracing system when the wave is imping-
ing on a curved interface separating two generally inhomogeneous media. Since
all basic equations are presented in a computationally convenient matrix for-
mulation, they can be readily employed for any numerical evaluation of dynamic
properties of seismic waves propagating through structurally complicated me-
dia. As the paper describes all basic features of asymptotic ray theory (the name
under which the ray series method is known on this continent), it can serve as
a starting point for anyone wishing to develop computer programs for the
computation of synthetic seismograms.

1. INTRODUCTION

The ray series method (also known as asymptotic ray theory in English literature)
has recently enjoyed an increasing popularity among seismologists who have applied
it successfully to various problems in crustal seismology and oil exploration (e.g.,
Belonosova et al., 1967; Hron et al., 1977; Cerveny et al., 1977; May and Hron, 1978).
The main advantage of the method rests in the fact that it can be used in studies
dealing with the propagation of seismic body waves through complicated geological
structures, such as laterally inhomogeneous layers with curved interfaces.

The ray series method was pioneered in seismology independently by Babich and
Alekseyev (1958) and Karal and Keller (1959). A fairly detailed description of the
method is also given by Hron (1968), Cerveny and Ravindra (1971), Hron and
Kanasewich (1971), Cerveny et al. (1977), where comprehensive lists of literature
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can be found. Unfortunately, most of the authors could present only a rather concise
review of the ray series method when applied to complicated structures because of
the complexity of the basic elastodynamic equation for generally inhomogeneous
elastic media. Sometimes this results in decreased clarity of the exposition of the
theory especially if it is applied to the most general types of elastic media, where the
results of vector analysis become slightly cumbersome.

It has been a commonly accepted practice that the amplitude coefficients of ray
series applied to the basic elastodynamic equation are resolved at any point of the
ray into three components corresponding to the unit vectors £, 71, and b specifying
positive orientation of the tangent, normal and binormal to the ray, respectively.
Unfortunately, several difficulties of a purely numerical nature can be encountered
here, at the very beginning of the application of the ray series method. First,
determination of vectors 7 and & for the ray in three dimensions also implies
computation of the curvature K and torsion T of the ray, which itself is not always
an easy task. Furthermore, the formal expressions for the principal components of
amplitude coefficients of S waves are rather complicated for T # 0, since these
components rotate about the ray relative to the vectors 7 and 6 as the wave
progresses. This, in turn, leads to the coupling between the components of displace-
ment vector of S waves into both directions even in the zeroth order approximation
of the ray series, which is the most frequently used.

In this paper an attempt is made to overcome all the above mentioned difficulties
by replacing vectors 7 and & with another pair of unit vectors é; and é; [see equation
(1)] also perpendicular to the ray but such that the displacement vector of S waves
remains stationary with respect to them at all times. This not only results in the
decoupling of the components of the S displacement vector in the directions of é,
and é: but also considerably simplifies the whole theoretical development of all basic
formulas sothat a high degree of clarity can be maintained. The main advantage of
the introduction of é; and é;, however, rests with the fact that both vectors can be
evaluated rather easily at any point of the ray following the method presented in
the Appendix. Thus a new system of curvilinear coordinates with its basis formed
by the triplet of mutually orthogonal vectors £, é;, and é; can be used for the ray
tracing procedure and all related problems (Cerveny et al., 1977; Popov and Psenéik,
1978a, b) with great success. In this paper this system is called a ray-centered
coordinate system and the related coordinates are denoted by [s, ¢i, g:].

If F = F(s) is a position vector of the ray taken as a function of the length s of the
ray path from a fixed reference point at so, the set of vectors £, é;, and é, which
forms the basis of the ray-centered coordinate system can be formally introduced
with the help of normal vector 7, binormal vector 8, and torsion T of the ray as

é,="rcos@ — bsiné, é>=risin8 + bcosé, {=— (1)
with

b(s) = J’ T(§) d§ + 0(s0), (2)

0

where the integral is taken along the ray. The value of #(so) in (2) can be chosen
arbitrarily, but once it is specified, the values of 8(s), é,(s}), and é:(s) are determined
uniquely by (1) and (2) for the remainder of the ray.
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Direct application of the Frenet formulas dri/ds = Tb — Kt and db/ds = — T#A
reveals important properties of é, and é;, namely

dé .

% = —K cos ¢,

dé;

S = —Ksin6¢. (3)

They will be used later in the development of the set of three ordinary nonlinear
differential equations (62) governing the variation of geometrical spreading of the
ray tube: along the ray.

Exp! itation of sets of differential equations for the evaluation of geometrical
spreac ng of the ray tube was first proposed by Belonosova et al. (1967) and various
forms of these sets can be found in Cerveny et al. (1977). Although individual sets
differ in the number of constituting differential equations and their complexity, all
can be called dynamic ray tracing systems due to their role in the determination of
ray amplitudes of seismic body waves.

A detailed study (see Cerveny et al., 1977) would show that a certain trade-off
exists between the complexity and the number of differential equations in the
dynamic ray tracing systems: either eight ordinary linear differential equations of
the first order in the system designed for the dynamic ray tracing in a generally
inhomogeneous three-dimensional media (Popov and Psencik, 1978a, b) may be
found or only three, but nonlinear, ordinary differential equations of the same order
in an equivalent set (Cerveny and PSencik, 1979; Hubral, 1979). However, the
minimum number of linear differential equations in the ray tracing system is still
five (Cerveny, 1976).

The dynamic ray tracing systems which are presented in this paper [see, e.g.,
equation (76)] consist of three ordinary nonlinear equations of the first order.
Although one of these systems corresponds to that of Hubral (1979) a fundamental
difference exists in the way of its development: Hubral chose as a starting point in
his derivations the set of eight differential equations presented by Popov and
Psencik (1978a), whereas our dynamic ray tracing systems are obtained directly
from the eikonal equation written in the ray-centered coordinates. This renders the
derivation easy and straightforward. Since dynamic ray tracing systems may be
used not only for the evaluation of geometrical spreading of the ray tube but also in
various other problems, e.g. in certain inverse problems in seismic exploration,
several equivalent forms of this dynamic ray tracing are presented in equation (76)
so that the most suitable version of the system can be selected for a particular
problem.

Obviously, application of the dynamic ray tracing system to wave propagation in
layered media can be made only if the appropriate initial conditions at interfaces
are imposed on the system. This is accomplished by the so-called phase matching
method which requires that the phase functions of incident, reflected, and trans-
mitted waves be equal on the curved interface at the vicinity of the point of
incidence. Even though the phase matching method was already used in the past by
several authors investigating the incidence of electromagnetic waves on curved
interfaces separating homogeneous media (e.g., Deschamps, 1972; Lee, 1975; James,
1976), the present application of the theory is new in that sense that it is applied to
the case of curved interfaces separating generally inhomogeneous media. Our results,
which are obtained in a very straightforward manner, are in complete agreement
with those obtained by other methods (Gel’chinskiy, 1961; Hubral, 1979).

Although it is hoped that this short account of some of the achievements brought
about by the application of the ray-centered coordinate system is quite convincing,
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it is felt that the field of possible applications of the system is far from being
exhausted. PSencik (1979), for example, used the ray-centered coordinate system to
develop a compact formula for the leading term of the ray series for multiply
reflected seismic waves with an arbitrary number of conversions propagating in
generally inhomogeneous media separated by curved interfaces. Also, the ray-
centered coordinate system seems to be suitable for the studies of wave fields highly
concentrated in the vicinity of ray.

2. THE Basic SYSTEM oF EQUATIONS IN THE RAY METHOD

Let us consider a generally inhomogeneous, perfectly elastic medium, the prop-
erties of which are described by Lamé coefficients A, p, and volume density p, all of
which are continuous functions of Cartesian coordinates x;, i = 1, 2, 3, as are all
their derivatives. If u; denotes the components of the complex displacement vector
li(x:, t) and o;; are the components of stress tensor, the basic elastodynamic equation
can be written

PUin = Oijj, l = 1) 2’ 3: .] = 11 2’ 3’ (4)

if the Einstein summation rule is used together with commonly accepted notations
for partial derivatives with respect to time

o azu,-
Uin = —622—

3
do;;
o =Y —|.
< 4 ]§1 axj)

In the following we shall use the same notation for partial derivatives of tensors of
any order with respect to coordinates. Recalling that the Hooke’s law for an isotropic
medium can be written in the form o;; = Ad;;ern + 2ue;;, where e; = § (ui; + u;.) are
the components of the strain tensor and §,; is the Kronecker symbol, the basic
elastodynamic equation (4) can be recast as

or coordinates

putie = (N + iy + pttijj + Nty + p, iy + . jljie (5)

The solution of this equation is sought in terms of functions which are nonanalytic
along some moving surfaces called wave fronts. Generally, any wave front at time ¢
can be implicitly described by the equation

t = 1(x). (6)

Then one can assume that the components of the displacement vector may be
written in the form of a ray series

-]

ui(xj, t) = 2 U,"k’(xj)Fk[t - T(x,')]. (7

k=0



A STUDY OF THREE-DIMENSIONAL INHOMOGENEOUS MEDIA 51

Functions F} are, in general, complex functions of real argument £ satisfying relations

_ dF®

F, 7

= Fp1(§), 8)

Fr) = fo(® + igu(d), & =7" f fr(x)(x — &7 dx, (C)

with real and imaginary parts f» and g. constituting Hilbert pairs of functions.
Equation (8) asserts that the order of discontinuity of function Fi., is less by one
than that of F; everywhere on the wave front. In this paper the vectorial complex
function U (x;) with scalar components [U,*?, U,®, U;*'] is called a k-th amplitude
coefficient (or the amplitude coefficient of the k-th order) in the ray series, whereas
a scalar function 7(x;) will be called a phase function or eikonal. A ray series similar
to equation (7) can also be used for the studies of harmonic waves of a very high
frequency w. In that case, the displacement vector 4 is expanded in an asymptotic
series in the inverse powers of frequency w. This explains why the ray series
expansion technique is generally known in English literature as asymptotic ray
theory. Similarly, the above form of the ray series with F, determined by (8) and
(9) can also be used for high-frequency signals of short duration, as it is shown by
Cerveny et al. (1977).

The desired solution of the basic elastodynamic equation (5) in the form of the
ray series (7) is formally obtained by inserting (7) into (5). Realizing that

o]
& ¥
u,;j= % (UBF, - U%r ,F)),
£=0 :
oo
- ) &) k ¥ k
Uijm= ¥ (UBFr— UR1 . FY — Ubr ;Fy — UPr jnFY + UPr 1 o FY),
=0

oo
k
Uit = Z Ui( )Fk”,
k=0

we get

Y {F'N{U®] - F/M{U®] + F,.L{U®]} =0,
k=0

where three new vector operators N(U*), M(U*"), and L(U"?) are defined in terms
of their components as

N{(U®) = —pU* + A\ + pU*r,7,; + pUP1 7, (10)
Mi(U(k)) =QA+ }L)[(]',!_?)T,j + Uj(,];)T'i + Uj(k)‘r'ij] + y.[2 U}S‘)T_j
+ U,-(k)'r'jj] + }\,,-Uj(k)'r,j + ‘U.‘jUi(k)T_j + ‘U._J‘Uj(k)‘l',,', (10)

LU = A+ pUH +pUR+ ANUR + u ;U8 + u;UR (10")
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with Fy = dF(£)/d¢ and F.” = d*F(£)/dE%. The above series may be further
rewritten if the basic property of the functions Fj, namely F,’ = F,_, [equation
(8)], is used. Then we can write equation (5) as

Y (FreN[UP] — Foex M[UP] + F,L{U*®]} =0
k=0
or, after collecting the coefficients of F}, in the equivalent form

FLo{NJUO} + F.{N[UP] - M,[U"]}

+ ¥ Fe{N[O*?] =M,[U*"] + L{U*]} = 0.
k=0

Equation (5) will be satisfied identically if the terms inside of all three pairs of
braces { } are equal to zero. This leads to a new system of equations

N(U™) =0,
NAU™)y = M(U"™) =0, (11)
Ni(U(k)) _ Mi(U(k_”) + Li(U(k—Z)) = 0, k = 2’
which, due to its linearity, can be recast as
NJ{UP] - M{U* P+ L{O%* =0, k=0,1,2,..., (12)

provided that U™ = 0= U2,

The recurrent system (12) represents the basic system of equations in the ray
method that can be used for the determination of all amplitude coefficients U*
k=0,1, 2, ...as well as phase function .

3. EXISTENCE CONDITIONS FOR A NONTRIVIAL SOLUTION OF THE FIRST EQUATION
IN THE Basic SYsTEM. EiIkoNAL EQUATIONS

In this section, the first equation in system (11)
NU® =0 (13)

shall be considered. Equation (13) represents a system of three linear equations for
three unknown components of the amplitude coefficient U, namely, U,®, j=1, 2,
3, which can be written with the help of equation (10) as

l]j(o){—p&‘j + A+ [.L)'T,,'T,j + ,LUS,','T,kT,k} =0, i=1, 2,3. (14)

The nontrivial solution of this system requires that the determinant of the system
be equal to zero
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—p+ A+ p)7h + prate A+ p)raTe
A+ prare o+ A+ W7+ Ttk
A+ w7173 A + prors
A+ p)7its
A+ w)rors =0. (15)

—o + (A + wrh + pT Rt
After some simple rearrangements, this constraint can be conveniently recast as

- + (a7 R)P" LA + 2u) + 2u] — (Tam.)ou[2\ + 2u) + ]
+ (T )% A + 2u) = 0. (16)

o= A+ 2,u, B = \/E, (17)
V »p P

equation (16) then reduces to

1 1\ 0
TrT I — = TRT. R — F = 0. (18)

Thus, the system (14) has a nontrivial solution if and only if one of the two following
conditions is satisfied

If we denote

1

TrT k= —5 (19)
84
1

TrT R ™ 735 (20)
BZ

These equations are generally known as the eikonal equations. In this paper the
corresponding waves are called a compressional (P) or shear (S) wave, depending
on whether it satisfies equation (19) or (20).

Methods of the solution of the eikonal equation are also well known, and can be
found in many books dealing with partial differential equations. One of the most
frequently used techniques is the method of characteristic curves that enables us to
solve a partial differential equation by means of a system of ordinary differential
equations, numerical solutions of which are well developed. The characteristic
curves of the eikonal equation represent rays and the corresponding set of six
ordinary differential equations (“ray tracing sytem”) can be written as (see Cerveny
et al., 1977, for details)

dx; 2 dpi _ -, OV

dr vpi, —(; v zl—x—i, L= 1, 2, 3,



54 v. CERVENY AND F. HRON

where p; = 87/dx; are the components of the slowness vector and v is the phase
velocity of the wave (v = « for P waves, v = 8 for S waves).

4. HicHER ORDER EQUATIONS IN THE BAsIc SYSTEM. TRANSPORT EQUATIONS

In this section we are concerned mainly with the amplitude coefficient U* in the
ray series (7). Since we have shown in the previous section that in case of high
frequency signals, P and S waves propagate independently in elastic media, the
amplitude coefficient U pertaining to different kinds of elastic waves (P or S) can
be studied separately. In both cases each amplitude coefficient U™ will be resolved
into components using our ray centered coordinate system (1) in the same way,
namely

U(k) _ U (k)t+ U(k)el + U(g)ez U"( )+ U (k) (21)

with two vector components
U"(k) - Up(k)[’ U (k) _ U(k>81 + U32 ez, 1)

indicating the polarization of the displacement in the directions parallel and perpen-
dicular to the ray, respectively.

In accordance with the widely accepted terminology, which takes into account
polarization of elastic waves in a homogeneous perfectly elastic medium, we will call
U,*® and U," principal and additional components of the amplitude coefficient
U™ respectively, if the wave propagates with the speed of P waves a =
v ()\ + 2u)/p. In the other case, when the wave speed is equal to that of S waves 8

(k) and

\/p,—/;, the principal and additional components will be represented by U,
U™, respectively.

The same terminology will be used even for the scalar components of amplitude
coefficients U®: there will be one principal component, U,'*), in the case of P waves
and two, U% and U%, in the case of S waves. The remaining scalar components in
both cases will be called additional.

It should be noted that this way of resolving amplitude coefficients given by (21)

differs from the traditional resolution
U(k) = U (k)t + U (k) 2 n+ U (k)b

with 7 and b being unit vectors of the principal normal and binormal, respectively.
Advantage of our resolution of U using (21) rests in a higher degree of simplicity
and symmetry of the final formulas.

4.1. Computation of amplitude coefficients for P waves

Let’s consider additional components for P waves U% and U%' first. Multiplica-
tion of equation (10) by vectors é; and é; yields two scalar products

Ni(UPey= (—p+ pa HUR,  N{(UP)es = (—p + pa ) UY.

Thus the scalar products of equation (12) with é, and é; lead to the final expressions
for the additional components of P waves UY and U%

® = (—p + pa ) MU *) — L(U*?)]ey,
(22)

B = (—p + paHMAT*™) = LU *)]ens,
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or, in vectorial notation

U.% = (—p +pad) ' [M(U*) — LO*)]. (22))

Hence the additional components for P waves are obtained as a result of differ-
entiation carried on the amplitude coefficients of lower order U*™" and U%? in
the form of vectorial operators M and L given in equations (10). Equations (22) and
(22") are also valid, of course, for the first two amplitude coefficients (¢ = 0, & = 1)
due to our definition U = U*? = 0 made earlier. Thus, for £ = 0, the additional
components U¥ and U$ for P waves vanish.

The determination of principal components for P waves is a little more compli-
cated. Since N;r; = 0, the scalar multiplication of equation (12) by the gradient of
phase function , gives a new vector equation, which in our component notation is
written as

M(U®)r; = L{U%*)r,.

Due to the linearity of the vector operator M this equation may be further recast
into a more convenient form,

M(U®)r; = [L{T*) = MU, *)]r, (23)
if the vector components of U [equation (21')] are used. Here all functions on the
right side of the equation are already known due to the recurrent character of the
basic system (12) and equation (22').

Let us now pay attention to the left side of equation (23). Since the components
of £ can be expressed in terms of the gradient of phase function r we have

U = U, = UpPar j,
(24)
l]“(f), = U,(fi)a'r,,- + Up(k)(a,n',,- + a‘r,,-,).

Consequently, the left side of equation (23) after some arrangements leads to the
expression

Mi(Up(k)f)T,i = 2ap(UH,) + Up“’)[apﬂr,jj + alp,;r.5) + 4pla, ;7)) + 2a07 ;7.7 ).

This may be further simplified if the following identities are employed

dU,® dp da
- P -2 -2
ll(k)_.r‘=a2 piT. ;=@ —_— ;T =« ——
I dr ’ dr’ I dr’
(r.) 1 _,da™
TijTaT, = 5 (1T, T, =5«
2 2 dr’

resulting in

. 2 ® :
MA(UPR)r =230, Up(k)<ap'r_,-,- + BM) (25)
a dr a dr
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It means that equation (23) can be recast in a final form

du,® 1 dl 2
—*3 Up"”<a27.j,- + ——”(;f - )) = g®(n), (26)

with
2P (r) = % [LAT% ) — MAU.")]r., 27)

from which the principal component for P waves, U, is obtained. Equation (26)
is generally known in the literature as a transport equation and it will be referred to
as such throughout this paper.

4.2. Computation of amplitude coefficients for S waves

Analogically to the case of P waves, additional components of S waves can be
determined rather easily provided that all previous amplitude coefficients of lower
order have been determined in accordance with the recurrent character of the basic
system (12).

Let us carry out multiplication of equation (12) by the vector { tangent to the ray.
The left side of the resulting equation

NAU ®)t; = [M(U*V) = L{U *™))t:
can be conveniently expressed as
N,'(U(k))ti = O\ + ‘u)IB—ZUp(k)’

if we realize that U;®'¢; = U,"®. Thus the final formula for the additional component
of S waves can be immediately written as

2
U, = A_‘i——ﬁ [MAU *V) — LU %)t (28)

indicating that the additional component is again obtained as a result of differentia-
tion of the amplitude coefficients of lower order.

Derivation of differential equations for the principal components of S waves,
U%® and UY, is once again more involved, but similar in nature to the way the
principal components of P waves, U,"*, were obtained. Because NA(U*)ey; = 0 and
N:(U®)ey = 0, the scalar multiplication of (12) by é, and é. produces

M,-(U‘k))el,- = L,‘(U(k_l))eu, M,-(U‘k’)ez,- = Li(U(k_l))ezi.
Due to the linearity of vector operator M both equations can be rewritten as
MU, ®)er = [LAU *V) — M(T*)]exs,
) ) ) (29)
MU *®)es = [L{U*") — M(U™) e,

where U.* and U,"* are given in (21').
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The left sides of both equations can be evaluated easily according to (10'). Thus
the first of the above equations becomes

MAU.®)ey, = [(A + w7 €1 + 2701, UL
+ [\ + p)r.yen + ur e + At eu+ pire U, (30)
The second equation in (29) can be treated in exactly the same way producing the

result that can be obtained directly from (30) by replacing components of é; by those
of é.. Seeing that

K ¥ k
UH = Ulen + Ube,
(31)
k k n & "
UR i =URen+ Ubes + URer; + Ub e,

equation (30) becomes
MU ®)ey = 2ur , UR: + UR[\ + pewlr jeri + 7.ie)
+ piTi + [.L(T,,',' + 27",'61]‘611‘,,')] + U§’§’[2pr,.—e1jezj‘i
+ A+ }L)eli(T,jezj,,' + T‘,»jegj)].
Realizing that
(erjrj)i=ejit,;,+ej7,;i=0,
(e2;7.5),i=ez2jiT,+ ex;71 ;=0
duy
dr ’

del ]
-2 7
e;Tie)i = e, = —Kcos fe ;r,;=0,

dr

k -2
r. USRS =8

dezj

dr

-2 .
ele,,‘ezj,,'=€1j,B = —K sin 061j7,j=0,

equation (30) finally reduces to

(k) 2
MAU. PYe =2 dUs +1 UR| Br.u +M . (32)
dr 2 dr

Replacing e;; and U in (32) by ez and U’ produces an expression valid for the
left side of the second equation in (29)

. ;k) 1 2
MU, ®yey = 2p[dU 2 + 3 Ui’é’<ﬁ"’m + M)]. (32)

dr dr

Consequently, transport equations for S waves can be written finally as

au® 1 dl 2
CERE P PR N
(33)
) 2
U2 1 200 g,
T T































































