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Abstract. In recent years, considerable progress has been
made in studies of the lateral heterogeneities in the Earth’s
interior and of seismic sources situated in realistic inhomo-
geneous media. In connection with these studies, the role
of the ray method and of its various modifications is becom-
ing increasingly important. In this paper, ways of applying
the ray method to the evaluation of high-frequency body
wave synthetic seismograms and synthetic time sections in
complex two-dimensional and three-dimensional laterally
varying layered structures are discussed. Certain new devel-
opments in the ray theory, mainly dynamic ray tracing and
the paraxial ray approximation, make these computations
fast and effective, even in 3-D structures. Although the com-
putations are only approximate and the ray method may
fail partially or completely in certain situations, the ray
concepts have been found very useful in many practical
applications of great seismological interest. The paper ex-
plains the physical principles and the most important algo-
rithmic steps in the computation of ray synthetic seismo-
grams. Numerical examples of ray synthetic seismograms
and ray synthetic time sections are presented.
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1. Introduction

Recently, considerable attention has been devoted to the
numerical modelling of high-freqeuncy seismic wave fields
in complex 2-D and 3-D layered structures. Several proce-
dures of evaluating high-frequency body wave synthetic se-
ismograms in laterally inhomogeneous media have been
proposed. These procedures have immediately found im-
portant applications in various seismological investigations.

This paper is devoted to the computation of synthetic
seismograms by the ray method. The ray method, also called
the ray series method, or the ART (asymptotic ray theory)
method, was first used to study the propagation of high-
frequency elastic waves in inhomogeneous media by Babich
(1956), see also Babich and Alekseyev (1958), and indepen-
dently by Karal and Keller (1959). It is the simplest, but
very powerful, representative of high-frequency asymptotic
methods. One of its great advantages is its universality,
effectivity and conceptual clarity.

The ray method, however, is only approximate and can
be applied only to smooth media in which the characteristic

dimensions of inhomogeneities are considerably larger than
the prevailing wavelength of the propagating wave. More-
over, it has some other limitations, even in smoothly vary-
ing media. The main limitation consists in its lower accura-
¢y or even invalidity in singular regions of the ray field,
such as the caustic region, the critical region, the transition
zone between the shadow and illuminated region, etc. In
spite of these limitations, computer programs for theevalu-
ation of ray synthetic seismograms in complex structures
are very useful in the interpretation of seismic data.

In the ray method, as in other high-frequency methods,
the complete wave field is composed of contributions ~ ele-
mentary waves — such as the refracted waves, waves reflected
from individual interfaces, converted waves, multiply re-
flected waves, etc. These elementary waves can be simply
evaluated along individual rays. Each elementary wave may
be specified by some numerical (or alphanumerical) code
which describes the history of its rays. The numerical codes
may be introduced in various ways. They may be generated
automatically, semi-automatically or manually. For com-
plex 2-D and 3-D models, the semi-automatic generation
of numerical codes often seems to be very convenient. It
consists of automatic (optional) generation of the most im-
portant waves, e.g. of the primary P and S reflections from
all interfaces, including refractions and converted reflec-
tions. Other desirable elementary waves, such as multiply
reflected waves, may then be added by manual generation.

The ray method offers the possibility of investigating
the individual elementary waves separately from others.
This fact is very important in practical applications, e.g.
in the interpretation of data obtained by deep seismic
sounding of the Earth’s crust or in seismic prospecting.

The basic step in the evaluation of the seismic wave
field of individual elementary waves consists in ray tracing.
Many ray tracing algorithms are now available. Some of
them, based on some simple approximation of the model,
are very fast, but are not quite suitable for the evaluation
of ray amplitudes and ray synthetic seismograms as they
may generate false anomalies in the amplitude-distance
curves. The more sophisticated algorithms, based on the
numerical integration of the ray tracing system, can be used
more safely, but are more time consuming. Thus, the suit-
ability of any ray tracing algorithm depends on the seismo-
logical problem we are treating.

In the evaluation of vectorial complex-valued ampli-
tudes of elementary waves in 2-D and 3-D layered struc-
tures, the most important part is the evaluation of geometri-



cal spreading. The geometrical spreading can be evaluated
in several ways. The simplest (but not very accurate) way
is to measure numerically the cross-sectional area of the
ray tube. In 3-D computations, it is necessary to compute
at least three rays corresponding to close ray parameters
to determine numerically the cross-sectional area of the ray
tube. The second way is based on the so-called dynamic
ray tracing. Dynamic ray tracing plays a fundamental role
not only in the evaluation of geometrical spreading, but
in many other applications. For example, dynamic ray trac-
ing is a very important step in the paraxial ray approxima-
tion, which provides us with the possibility of evaluating
the travel-time field and the displacement vector not only
directly on the ray, but also in its vicinity. Finally, in some
simple types of media, the geometrical spreading can be
evaluated analytically.

There are two main approaches to the evaluation of
ray synthetic seismograms in 2-D and 3-D laterally varying
layered structures. The first is based on two-point ray trac-
ing, the second on the paraxial ray approximation. Both
these approaches are described in the following sections.
Some examples of computations will also be presented.

This paper explains only the most important physical
principles of the ray synthetic seismogram computation.
Any attempt to present all the relevant mathematical equa-
tions would increase the length of the paper inadmissibly.
Moreover, all necessary equations can be found in the ex-
tensive paper by Cerveny (1985b). Owing to the extensive
use of various matrix notations and to the application of
several coordinate systems and transformation matrices, the
resulting equations in that paper are very concise and un-
derstandable from a physical point of view, even in the
case of an arbitrary multiply reflected wave in a 3-D layered
structure. All the equations are expressed algorithmically;
the expressions are specified to the last detail. They can
thus be used directly for programming.

The literature devoted to the ray method is very exten-
sive. In this paper, we shall refer mainly to recent papers
devoted, directly or indirectly, to the computation of ray
synthetic seismograms in laterally varying layered struc-
tures. For a detailed treatment of many other aspects of
the elastodynamic ray series method and of its applications
in seismology, see the books by Cerveny and Ravindra
(1971), Achenbach (1973), Cerveny et al. (1977), Goldin
(1979), Aki and Richards (1980), Hubral and Krey (1980),
Gerasimenko (1982). The ray series method has also been
widely used in other branches of physics, mainly in electro-
magnetic theory. See, e.g. Kline and Kay (1965), Babich
and Buldyrev (1972), Felsen and Marcuvitz (1973), Kravt-
sov and Orlov (1980).

Some attention in seismology has recently been devoted
to the possibilities of the space-time ray method. In the
space-time ray method, the wave field propagates along
certains space-time, four-dimensional trajectories, called
space-time rays. Their spatial projections are standard rays.
The space-time rays may be easily computed, similarly to
the space rays. The space-time ray-tracing systems and the
space-time dynamic ray-tracing systems can be found e.g.
in Kirpichnikova and Popov (1983). The space-time ray
method may be applied to solve some elastodynamic prob-
lems in media with boundary conditions dependent on time
(reflections from moving bodies), to study the propagation
of high-frequency seismic waves in dispersive and slightly
dissipative media, to study surface waves in laterally vary-
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ing layered structures, to perform the downward and up-
ward continuation of the seismic wave field, etc. In princi-
ple, the method could be easily applied even to the compu-
tation of synthetic seismograms. The author, however, is
not aware of any attempt in this field. For this reason,
we shall not discuss the space-time ray method in this paper.
For more details and references, see Babich (1979), Kravt-
sov and Orlov (1980), Cerveny et al. (1982), Kirpichnikova
and Popov (1983) and mainly the up-to-date monograph
by Babich et al. (1985).

2. Ray tracing

Ray tracing has found broad applications in the solution
of both direct and inverse seismological problems of lateral-
ly varying 2-D and 3-D layered media. In the numerical
modelling of seismic wave fields, it plays an important role
not only in the ray method itself, but also in many other
more sophisticated high-frequency asymptotic methods. In -
these methods, the rays are used as a coordinate frame
and the amplitudes are evaluated along rays in the new
coordinate frame by more accurate methods than in the
standard ray method. Examples are the extended WKBJ
method, the Chapman-Maslov method, the Kirchhoff inte-
gral method, the method of Gaussian beams, etc. For more
details and many references, see Cerveny (1985a) and Chap-
man (1985) in this volume. Ray tracing has found important
applications even in surface wave studies. In the inverse
methods, ray tracing is the basis of many recent inversion
procedures (tomographic methods, various linearization ap-
proaches).

The ray tracing system in a 3-D smoothly varying medi-
um consists of six ordinary differential equations of the
first order. Three equations yield the ray trajectory (Carte-
sian coordinates of points along the ray) and the other
three give the Cartesian components of the slowness vector
at each point on the ray. Together with the computation
of the ray trajectory, the travel time 7 along the ray is
also evaluated. The ray tracing system, with proper initial
conditions, can be solved numerically by standard numeri-
cal techniques such as the Runge-Kutta method or by the
predictor-corrector method. Some combinations of numeri-
cal and analytical methods may also be suitable for solving
the ray tracing system; e.g. see Dobrovol’skiy and Fridman
(1980) and Fridman (1983) for the method based on the
Richardson extrapolation. Initial-value ray tracing is fast
and stable and its accuracy can be easily controlled, even
in the case of rays of multiply reflected, possibly converted
waves. The new initial conditions for the ray tracing system
at points of reflection/transmission at curved interfaces can
be simply determined using Snell’s law. Note that the initial-
value ray tracing is also sometimes called Cauchy ray trac-
ing.
The ray tracing systems can be written even for inhomo-
geneous anisotropic media. The initial-value ray tracing in
an inhomogeneous anisotropic medium can be performed
in the same way as in inhomogeneous isotropic medium,
but it is more time consuming. For ray tracing systems
in inhomogeneous anisotropic media, see Babich (1961),
Vlaar (1968), Cerveny (1972), Cerveny et al. (1977), Petras-
hen and Kashtan (1984), Cerveny and Firbas (1984).

In seismological applications, however, we often need
boundary-value ray tracing. The well-known example of
boundary-value ray tracing is the so-called two-point ray
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tracing, or source-to-receiver ray tracing. Assuming a point
source, the rays are specified by the initial and endpoints
of the ray (source and receiver). Instead of the initial point,
some other boundary conditions may be important in cer-
tain applications. As an example, let us consider the compu-
tation of synthetic time sections in seismic exploration by
the “normal ray” algorithm. In this case, the initial point
of the ray is not specified. Instead, it is required that the
initial direction of the ray be perpendicular to the reflector.
Similar boundary conditions may be imposed if we start
the computation from some initial surface. Boundary-value
ray tracing is considerably more complicated than initial-
value ray tracing, mainly in 3-D media. It can be performed
in several ways. We shall briefly describe two such methods.
The first method, called the shooting method, exploits
Cauchy ray tracing. An iterative loop, in which the initial
conditions for the ray tracing system are changed, is used
to find the ray which passes through the receiver point.
The initial conditions, which are changed in the shooting
method, may have different physical meanings in various
problems. In source-to-receiver ray tracing, they specify the
initial direction of the ray at the source. In synthetic time-
section computatons, they specify the position of the initial
point on the reflector (the initial direction of the ray, per-
pendicular to the reflector, is then automatically deter-
mined). Various approaches can be used to change the ini-
tial conditions for a new iteration. Among others, it is possi-
ble to apply the recently proposed methods of the paraxial
ray approximation, see Cerveny et al. (1984). Special care
must be devoted to multiple arrivals of the wave under
consideration (loops in the travel-time curves) and to the
rays in certain singular regions of the ray field.

The second method, usually called the bending method,
does not exploit standard ray tracing. In this method, an
initial ray path is guessed and the perturbed iteratively to
~ satisfy the appropriate differential equations.

For more details regarding boundary-value ray tracing,
see Wesson (1971), Chander (1975), Julian and Gubbins
(1977), Pereyra et al. (1980). A good review with many ref-
erences can be found in Lee and Stewart (1981).

Both methods have their advantages and disadvantages.
The shooting method is usually more cumbersome and time
consuming than the bending method, especially in three-
dimensional computations. If, however, the iterative loop
is properly organized, it safely determines the rays of all
required elementary waves arriving at the receiver position.
If the elementary wave has several branches, e.g. in the
case of loops in the travel-time curves, it determines all
relevant multiple arrivals. Such rays may be easily lost in
the bending method which has a tendency to determine
only one of the multiple arrivals. For this reason, when
computing synthetic seismograms or synthetic time sections
for complex 2-D or 3-D layered structures, the shooting
method or its various modifications have usually been used.

In most algorithms of high-frequency body wave syn-
thetic seismogram computation, boundary-value ray trac-
ing must be used. In some recent approaches, however,
boundary-value ray tracing is not necessary. This applies,
e.g. to the algorithms based on the paraxial ray approxima-
tion and on Gaussian beams. Both these algorithms only
require initial-value ray tracing, which is fast, easy and sim-
ple. Even in these algorithms, however, it is useful to modify
the initial-value ray tracing procedure. These algorithms
require a system of rays with a sufficient density of end-

points in the vicinity of receivers. The density of endpoints
must, of course, be higher for higher frequencies. A suffi-
cient density of endpoints of rays is not always guaranteed
by initial-value ray tracing in laterally varying complex
structures. Some elementary waves may be overlooked, par-
ticularly if all the rays of these waves are within a very
narrow pencil of rays from the source. This is the typical
case of slightly refracted waves, similar to head waves. Of-
ten, the ray field of some elementary wave is very sparse
in some region, although it is rather dense in another region.
If the number of computed rays is increased considerably,
the density of rays remains small in the former region and
becomes unnecessarily high in the latter region.

A new method of ray tracing is proposed to deal with
such situations. We call it interval ray tracing. Interval ray
tracing is the ray tracing procedure in which it is required
that at least the endpoint of one ray of the elementary
wave under consideration is situated in any illuminated in-
terval of specified length along the profile. If the elementary
wave under consideration has several branches, the above
requirement applies to any branch. In 3-D computations,
instead of the length interval we use the surface element
of a specified area.

The algorithm of 2-D interval ray tracing is as follows.
The standard initial-value ray tracing is performed as long
as the density of the endpoints is sufficient. If any given
length interval is left out (i.e. no ray has its endpoint in
that interval), an iterative loop is used to find at least one
ray with the endpoint in that interval (if it exists). After
this, the initial-value ray tracing continues with the original
step.

A safe and general interval ray tracing routine for an
arbitrary elementary wave in a 2-D laterally varying layered
structure is now available. The algorithms for 3-D interval
ray tracing are under investigation.

An example of the 2-D interval ray tracing is presented
in Fig. 1. The model of the Earth’s crust used in this exam-
ple (model Zurich) will be described in more detail in Sec-
tion 11, see Fig. 7. The shot point x =320 km is considered,
and three ray diagrams of the reflected PP wave from the
intermediate crustal interface are shown. The first two ray
diagrams are computed by standard initial-value ray trac-
ing, and the third by interval ray tracing. In the first dia-
gram, the step in the radiation angle is 1.8° (50 rays over
the range from 0° to 90°). In the second diagram, the step
is four times less, i.e. 0.45° (200 rays). As we can see in
both these ray diagrams, the endpoints of the rays are dis-
tributed along the profile very irregularly. They are very
dense close to the source and extremely sparse at larger
distances from the source. At larger epicentral distances,
there are practically no endpoints at all. The four-fold in-
crease of the number of computed rays (from 50 to 200)
added many superfluous rays at small epicentral distances,
but only one ray with an endpoint beyond x =400 km. The
regular ray field, however, extends to a distance x ~ 500 km,
see the last diagram computed by interval ray tracing. Inter-
val ray tracing was performed with a basic step of 1.8°
in the radiation angle, the same as in the first diagram.
Nevertheless, the coverage of the profile by ray endpoints
is considerably more regular than in the first and second
diagrams. There are no “blind” regions along the profile.
Note that interval ray tracing sometimes yields some rays
situated very close to other rays. This case, however, can
be easily treated in the synthetic seismogram algorithm.
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Fig. 1. Comparison of ray diagrams computed by initial-value ray
tracing and by interval ray tracing. Top diagram: initial-value ray
tracing, the basic step in the radiation angle is 1.8°. Middle dia-
gram : initial-value ray tracing, the basic step in the radiation angle
is four times less, i.¢. 0.45°. Bottom diagram: interval ray tracing,
the basic step in the radiation angle is again 1.8°. Interval ray
tracing gives a more regular distribution of endpoints of rays along
the profile

The interval ray tracing algorithm can be exploited to
find even the rays of slightly refracted waves. It is often
very difficult to catch these rays by initial-value ray tracing.

The algorithm of the interval ray tracing described
above may be modified in several ways. For example, the
initial conditions for the ray tracing system may be au-
tomatically varied in such a way as to obtain a required
density of rays in the region of interest using the results
of the dynamic ray tracing, see Section 5. In particular, the
geometrical spreading matrix Q, defined in Section 4, plays
a very important role in the algorithm. Such an algorithm
of interval ray tracing may find applications mainly in 3-D
computations, see Section 14 and also Cerveny (1985a).

The ray tracing system may be easily rewritten and
solved numerically in any orthogonal coordinate system
(spherical, cylindrical, etc.). For the very important case
of a spherical coordinate system see, e.g., Jacob (1970),
Julian and Gubbins (1977), Comer (1984).

In several simpler types of media, the ray tracing system
can be solved analytically. This applies, e.g., to the case
when the velocity V (or 1/V or 1/V? or In V) is a linear
function of Cartesian coordinates. The simplest analytical
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solution is obtained when the quantity 1/¥2 (not ¥) chan-
ges linearly with the coordinates. The most popular analyti-
cal solution corresponds to the case when the velocity V'
changes linearly with coordinates. The ray trajectory is cir-
cular in such a medium and can be simply and efficiently
calculated. For example, in the reflection methods of seis-
mic prospecting, the commonly used model is composed
of layers separated by curved interfaces, with a constant
velocity or with a linear change of velocity within the indi-
vidual layers. For more details and many references see
Hubral and Krey (1980) and also Yacoub et al. (1970), Sor-
rels et al. (1971), Shah (1973a). This approximation has
recently found applications even in seismology, see Lee and
Langston (1983a, b), Langston and Lee (1983), Matveeva
(1983).

In realistic models, it is sometimes complicated to de-
scribe the velocity distribution in the whole structure (or
in the whole layer) by a simple analytical function. Often,
however, the medium is divided into parts (blocks, tetrahe-
drons) with a simple analytical velocity distribution inside
the individual parts. For example, let us assume that a
smooth velocity distribution is specified in a regular or ir-
regular network of points. It is then possible to divide the
whole medium into tetrahedrons whose apexes are at the
above points, and to use a linear approximation of V (or
1/Vor 1/V? or In V) in any of the tetrahedrons. The veloci-
ty then remains continuous across the boundaries of the
individual tetrahedrons, but the gradient of the velocity
changes discontinuously. In this way, second-order inter-
faces are generated. Unfortunately, these second-order in-
terfaces produce some anomalies in the ray amplitude com-
putations. For examples, see Cerveny (1985a). This approx-
imation may thus be useful in travel-time computation, but
it is not quite suitable for computing ray synthetic seismo-
grams, unless some smoothing of amplitudes is used.

Most commonly, the linear approximation of V is used
inside the tetrahedrons (or within triangles in 2-D computa-
tions). The segment of a ray inside any tetrahedron is again
circular. Thus, the ray is evaluated as a succession of circu-
lar segments. The method has found important applications
in seismology, mainly in seismic studies of crustal structure.
See, e.g., Gebrande (1976), Will (1976), Whittall and Clowes
(1979), Aric et al. (1980), Marks and Hron (1980), Cassell
(1982), Miiller (1984), Chapman (1985).

3. Polarization vectors

For any selected ray Q, we can introduce the ray-centred
coordinate system q. , q », 4 3 connected with  in the follow-
ing way: One coordinate, say ¢, corresponds to the arc
length s along the ray €2, measured from an arbitrary refer-
ence point. The coordinates ¢4, ¢, form a 2-D Cartesian
coordinate system in the plane perpendicular to 2 at g,,
with its origin at 2. This Cartesian coordinate system may
be chosen in many ways. We shall choose it is such a way
as to make the ray-centred coordinate system ¢q;, 4., ¢
orthogonal. This condition determines the ray-centred coor-
dinate system uniquely along the whole ray €2, once the
2-D Cartesian system ¢, g, has been specified at any point
on the ray. The ray-centred coordinate system was first
introduced to seismology by Popov and Psencik (1978a, b).

The vector basis of the ray-centred coordinate system
connected with  is formed at an arbitrary point O; on


































































