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Abstract. Numerical modelling of high-frequency seis-
mic wave fields in complex, 2-D and 3-D, laterally
varying, layered structures by the summation of elasto-
dynamic Gaussian beams is discussed. The main atten-
tion is devoted to the expansion of the wave field into
Gaussian beams, to the choice of initial parameters of
Gaussian beams in these expansions and to the con-
struction of synthetic seismograms. The Gaussian beam
synthetic seismograms are regular even in regions
where the ray method fails, such as the caustic region,
critical region, etc. Due to the smoothing effects in-
volved in the Gaussian beam procedire, the method is
not too sensitive to the approximation of the medium
and to minor details of the model. Moreover, the meth-
od does not require two-point (source-to-receiver) ray
tracing. The evaluation of Gaussian beam synthetic
seismograms requires approximately the same amount
of computer time as the evaluation of ray synthetic
seismograms. The memory requirements are also ap-
proximately the same. Numerical examples of Gaussian
beam synthetic seismograms for 2-D and 3-D structures
are presented. Various possible applications of Gauss-
ian beams to seismological problem of practical impor-
tance are outlined.
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Introduction

The computation of high-frequency seismic wave fields
in laterally varying, layered, two-dimensional and three-
dimensional structures plays an important role in the
interpretation of seismic data. The application of ray
methods to this problem has been found very useful,
but it has certain restrictions, see Cerveny (1985a). Let
us mention three of these restrictions: (1) The ray meth-
od can be applied only to smooth media, in which the
characteristic dimensions of inhomogeneities are con-
siderably larger than the prevailing wavelength of the
propagating wave. (2) The ray method fails in the vi-
cinity of some surfaces, lines or points, at which the ray
field is not regular (singular regions). (3) The ampli-
tudes of high-frequency seismic waves evaluated by the
ray method are very sensitive to the approximation of

the medium and to minor details of the model (such as
artificial interfaces of a higher order, edges in interfaces
and small fictitious oscillations of the velocity function
introduced by the approximation of the medium).

The first limitation is very serious and cannot be
eliminated by any high-frequency asymptotic method.
In this paper, we shall assume that the medium is
sufficiently smooth. In order to eliminate the second
restriction, various modifications of the ray method
(local asymptotics) can be used. For example, let us
name the Airy modification in the caustic region and
the Weber-Hermite modification in the critical region.
In laterally varying media, however, the structure of
singular regions may be rather complicated and the
singular regions often overlap. For this reason, the ap-
plication of the above-named modifications becomes
complicated or even impossible and is only of limited
value. '

Several new techniques to evaluate high-frequency
body-wave synthetic seismograms have been proposed
recently, which overcome partially or fully the difficul-
ties of singular regions even in complex laterally vary-
ing structures. Let us mention the extended WKBIJ
method by Chapman (1978), the Maslov asymptotic
theory (Chapman and Drummond, 1982; Chapman,
1985), the phase-front parabolic approximation method
{Haines, 1983, 19844, b), the Kirchhoff-Helmholtz meth-
ods (see, e.g., Sinton and Frazer, 1981, 1982; Scott and
Helmberger, 1983; Frazer and Sen, 1985, where many
other references can be found), the method of multifold
Kirchhoff-Helmholtz path integrals (Frazer, 1983, 1985;
Sen and Frazer, 1985) and the method of Gaussian
beams. ,

In this paper, we shall mainly discuss the method
based on the summation of Gaussian beams. We shall
show that the method of Gaussian beams can now be
used routinely to evaluate high-frequency synthetic
body-wave seismograms for'a broad class of realistic, la-
terally varying, layered, two-dimensional and three-di-
mensional models. It yields considerably better results
in singular regions than the ray method, no matter how
complicated the singularities are. Moreover, it is not so
sensitive to minor details of the model as the ray meth-
od. Nevertheless, many problems in the numerical
modelling of high-frequency seismic wave [ields by
Gaussian beams are still open to further research.

The method of Gaussian beams is a powerful gener-



alization of the ray method. It is based on the sum-
mation of Gaussian beams concentrated close to rays
traced from the source (or from an initial surface). The
amplitudes of Gaussian beams decrease exponentially
with the square of distance from the central ray (the
amplitude profile is Gaussian, ie. bell-shaped). This is
the reason why these beams are called Gaussian. The
width and the curvature of the phase front of Gaussian
beams change along the ray due to spreading, diffusion,
reflection/transmissions and, possibly, dissipation. The
final equations for Gaussian beams are valid along the
whole ray, and Gaussian beams do not have any singu-
larity at caustics.

Assume now that the receivers at which we wish to
evaluate synthetic wave fields are distributed regularly
or irregularly in some region D, along the Earth’s
surface or along a vertical boundary of the model
(vertical seismic profiling configuration). For simplicity,
we shall consider here only the receivers along the
Earth’s surface; there are practically no differences be-
tween the two cases from the computational point of
view.

The Gaussian beam summation procedure is then
as follows: .

a)} As in the ray method, the complete wave field is
divided into elementary waves (reflected, refracted, con-
verted, etc.).

b) For each elementary wave, initial value ray trac-

ing or interval ray tracing (see Cerveny, 1985a) is per-
formed. The endpoints of the calculated rays must co-
ver not only the region D, with a sufficient density, but
also some vicinity of this region. The reason for this is
that a Gaussian beam concentrated close to a particu-
lar ray affects not only the wave field at the endpoint of
the ray, but also the wave field in some finite vicinity
of the endpoint. This may require the extension of
the actual medium, if the receivers are distributed
close to the side borders of the model. The problem
may be simply overcome by evaluating the endpoints of
rays not only along the Earth’s surface, but also along
the upper parts of the vertical boundaries of the model.
In the whole procedure, two-point ray tracing is not
required.

¢) Dynamic ray tracing is then performed along the
computed rays with endpoints in the region D, or in its
vicinity. The whole fundamental matrix of the linearly
independent solutions of the dynamic ray-tracing sys-
tem is determined.

d) The spreading-free amplitudes are evaluated.

e) The endpoints of rays, together with the results
of the dynamic ray tracing, spreading-free amplitudes
and some other quantities, all specified at these end-
points, are stored in a file. The procedure is repeated
for all elementary waves under consideration.

Once this file with the endpoints information for all
elementary waves is available, the contributions of
Gaussian beams concentrated close to individual rays
can be determined at any point of the region D,. The
final synthetic wave field at a receiver situated in region
D, is then obtained as a weighted superposition of
those Gaussian beams which are situated close to the
receiver. The remote Gaussian beams need not be con-
sidered in this superposition.

Note that the same file can be used to evaluate
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synthetic seismograms by the paraxial ray approxima-
tion approach and by some other high-frequency meth-
ods similar to the Chapman-Maslov method, etc.

In this paper, we shall discuss only the most impor-
tant physical concepts of the Gaussian beam method.
In most cases, we shall not present any equations; the
necessary mathematical background can be found in
papers listed in the references. For the most general
case of three-dimensional, laterally varying, layered
structures, see the detailed treatment in Cerveny
(1985Db).

Gaussian beams

There are several approaches to derive Gaussian
beams. We shall describe some of them here.

The first approach is based on the application of
the parabolic wave equation method. The fact that the
high-frequency part of the seismic energy propagates
mostly along rays has been well-known; see Aki and
Richards (1980), p.128. To study the waves which
propagate along a certain preferred direction, it is very
convenient to use the parabolic wave equation method
(Leontovich and Fock, 1946; Fock, 1965). The method
of the parabolic wave equation has been applied to
many wave propagation problems, such as radio waves,
acoustic waves and optical waves. For elastic waves, see
McCoy (1977) and Hudson (1980). A detailed historical
survey of various applications of the parabolic wave
equation can be found in Tappert (1977). Let us men-
tion here the applications in the research of beam prop-
agation in random media, such as radars (in radio
waves), sonars (in acoustic waves), lasers (in optical
waves), etc. The parabolic wave equation method found
very important applications even in seismic prospect-
ing; see Landers and Claerbout (1972), Claerbout
(1976), Sutton (1984). The first to use this approach to
study the solutions of a wave equation concentrated
close to rays was Babich (1968). See also Babich and
Buldyrev (1972) and Babich and Kirpichnikova (1974).
The same approach was used by Kirpichnikova (1971a)
to investigate the high-frequency solutions of the elasto-
dynamic equation concentrated close to rays of body
waves. The elastodynamic equation can then be re-
duced to the parabolic equations for P and § waves,
which further yield the dynamic ray-tracing systems
and the transport equations for the amplitudes. The
dynamic ray-tracing system is obtained in the form of a
non-linear Riccati matrix equation, but it can simply be
rewritten into any other form well-known from the ray
method, see Cerveny (1985a,b). Contrary to the ray
method, where only the real-valued solutions of the
dynamic ray-tracing system are needed, the solutions
concentrated at the ray require the complex-valued so-
lutions of the dynamic ray-tracing system. The simplest
solutions of the elastodynamic equation concentrated
close to rays can then be identified as Gaussian beams.
Higher modes correspond to Hermite-Gaussian beams,
see Klimes (1983).

For the detailed derivation of elastodynamic Gauss-
ian beams by the parabolic wave equation method and
for the discussion of their properties in 2-D and 3-D
media, the reader is referred to Cerveny and Piencik
(1983a, b, 1984). For elastodynamic Gaussian beams in
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anisotropic media see Hanyga (1985a, b), for accousti-
cal Gaussian beams see Babich and Popov (1981) and
for scalar wave equation Gaussian beams see Cerveny
(1981, 1982), Popov (1982), Cerveny et al. (1982).

The following approach to derive Gaussian beams
is based on the paraxial ray approximation. The para-
xial ray approximation can be generalized by allowing
the phase function (travel time) to be complex-valued.
More strictly, the travel time is real-valued along the
central ray of the beam and becomes complex-valued
outside the central ray. This method is used by Cerveny
(1985b) to derive compact expressions for an arbitrary
multiple reflected (possibly converted) elastodynamic
Gaussian beam in a general 3-D laterally varying laye-
red structure. The approach yields the same final equa-
tions as the parabolic wave equation method, but is
more straightforward.

As the travel time is complex-valued outside the
central ray of the beam, the corresponding rays in the
vicinity of the central ray can be interpreted as com-
plex rays. In this way, the Gaussian beams may be
understood as bundles of complex rays (Keller and
Streifer, 1971; Deschamps, 1971; Felsen and Marcuvitz,
1973; Felsen, 1976a). Both the positions of the points
along the ray and the ray-centred components of the
slowness vectors are complex-valued for complex rays.
The interpretation of Gaussian beams as bundles of
complex rays is closely connected with the idea of
displacing a real source into a complex coordinate
space (Felsen, 1976b, 1985; Ru-Shan Wu, 1985).

Alternatively, Gaussian beams can be obtained as
complex-valued solutions of the Hamilton-Jacobi and
transport equations (with a complex-valued eikonal).
Such solutions were studied in great detail by Maslov
and described in Maslov (1977). Maslov calls the meth-
od “the complex WKB method” and applies it to a
broad variety of problems of quantum physics, propa-
gation of narrow beams, etc. He shows that the method
can also be used to solve various problems of non-
linear equations. See also Klime§ (1984b). A similar
method, based on ray expansions with a complex eiko-
nal, was used by Babich and Ulin (1981a) to find so-
lutions of the wave equation concentrated in the neigh-
bourhood of a closed geodesic, and by Nomofilov
(1981) to find solutions of the general system of second-
order differential equations concentrated close to a
fixed ray. The results of Nomofilov are very general
and can be applied directly to various wave fields (an-
isotropic elastic media, magnetic hydrodynamics, etc.).
A similar method was also used by Babich and Ulin
(1981b) to find concentrated wave packets (called “qua-
siphotons”) moving along space-time rays. The method
of Babich and Ulin was further modified by Katchalov
(1984) who used a more suitable coordinate system
centred at the space-time ray.

Here, we shall consider the 3-D Gaussian beam as
the paraxial ray approximation with complex-valued
travel times. The details of the evaluation of the para-
xial ray approximation were explained in Cerveny
(1985b). We shall, therefore, repeat the individual steps
only very briefly.

First, we evaluate the rays. We select one ray Q,
specified by ray coordinates vy,, y,, introduce the ray-
centred coordinate system ¢,, ¢,, 4;=s connected with

Q (where g,=s is the arc length along the ray Q) and
evaluate the travel time 1(s) and the relevant polariza-
tion vectors along . The next step is to perform dy-
namic ray tracing along Q. Dynamic ray tracing is used
to evaluate the 2 x2 transformation matrix Q(s) from
ray coordinates y,, y, to ray-centred coordinates q,, q,,
Q1,=100491/0y,14,-g,-0 (also called the matrix of
geometrical sprea(iing), and the 2x2 transformation
matrix P(s) from ray coordinates y,, y, to the phase
space coordinates, i.e. the ray-centred components of
the slowness vector p,=01/0q,,

By= [6P1/6V1]q,=q2=0= [0%/0q, a')’]]q, —g2=0

(with I,J=1,2). In the Gaussian beam computations,
the matrices Q and P are complex-valued, whereas they
are real-valued in the paraxial ray approximation. This
is the most important difference of the paraxial ray
approximation.

If, however, we determine the whole fundamental
matrix of real-valued linearly independent solutions of
the dynamic ray tracing system, i.e. both the plane
wave and the point source solutions of the dynamic ray
tracing system, any complex-valued solution of the dy-
namic ray tracing system can then be simply evaluated
as a linear combination of the above two real-valued
solutions (Cerveny, 1985b).

In the Gaussian beam approach, a basic role is
played by the symmetric 2 x 2 matrix M of the second
derivatives of the complex-valued travel time with
respect to ray-centred coordinates gq,, ¢,, M,
=[0%1/09,04,];,_g-0 I,J=1,2), and by the 2x2
complex curvature matrix K, K=vM, where v is the
velocity. We can evaluate these matrices from Q and P,

M=v"'K=PQ~ .. 1)
For Gaussian beams, we can write

M=ReM+iImM, ImM=>0. 2)

(By ImM >0, we understand that ImM is positive de-
finite.) For Im M =0, the Gaussian beam reduces to the
paraxial ray approximation. However, if Im M >0 holds
at least at one point of the ray €, it follows that
Im M >0 along the whole ray Q.

At any selected point of the ray, the matrix ReM
describes the properties of the phase front of the beam
and ReK is the curvature matrix of the phase front.
Similarly, the matrix Im M describes the width of the
beam. The larger the width, the smaller Im M.

Matrix Re M(s) fully specifies the phase ellipse (or
phase hyperbola) which is given by the equation
nf[q" ReM(s)q]=1. Here f is the frequency and q7
=(q,, q,)- Along the phase ellipse (hyperbola), the tra-
vel time is constant and differs from the travel time 7(s)
on the central ray by (nf)~!'. Similarly, the matrix
Im M(s) specifies the spot ellipse which is given by the
equation nf[qT ImM(s)q]=1. The amplitude of the
Gaussian beam along the spot ellipse is constant and
equals e~ ! A(s), where A(s) is the amplitude of the
Gaussian beam at the central ray. The phase ellipse
and the spot ellipse, as introduced above, are frequency
dependent; they are smaller for higher frequencies. Al-
ternatively, they can be introduced for some fixed fre-
quency, e.g. for f=1Hz



The orientation of the phase ellipse is generally
different from the orientation of the spot ellipse. Gauss-
ian beams with a different orientation of the spot el-
lipse and phase ellipse are called astigmatic Gaussian
beams (Arnaud and Kogelnik, 1969). The Gaussian
beam is called the Gaussian beam with a simple astig-
matism at s=s, if the phase ellipse and the spot ellipse
have the same orientation at s=s,. For the Gaussian
beam which is stigmatic (circular) at s=s,, we can
write

M(s0)=[v“‘(so)K0+1—t—£5~] I, (3a)
0

where v(s,) is the velocity at s=s, and K, and L, are
real constants. They determine the curvature of the
phase front and the width of the circular beam at s=s,,
for the frequency of 1 Hz. Thus, the Gaussian beam,
circular at s=s,, is fully specified by two parameters,
K, and L,. In a laterally inhomogeneous medium, this
beam immediately becomes astigmatic at s=s, due to
inhomogeneities.

For a general astigmatic beam, the matrix M is
specified at any point of the ray Q by six real-valued
quantities: two principal curvatures of the phase front,
two principal widths of the Gaussian beam and two
angles which determine the orientation of both prin-
cipal directions. Thus, the system of Gaussian beams
connected with any 3-D ray Q is six-parametric.

The final expression for the displacement vector of
the Gaussian beam concentrated close to the ray Q is
formally the same as the relevant expression for the
displacement vector of the paraxial ray approximation
(Cerveny, 1985a,b). The spreading-free amplitudes are
identical, only the real-valued geometrical spreading is
replaced by the complex-valued geometrical spreading
(det Q)~!/2. Contrary to the ray solution, the expression
det Q does not vanish at any point of the ray in the
case of Gaussian beams. The Gaussian beams are regu-
lar along the whole ray, including the caustic points.

Even in the case of Gaussian beam computations, it
is again convenient to evaluate a file of elementary wave
quantities, as in the case of the paraxial ray compu-
tation (see Cerveny, 1985a,b). The file contains the
same quantities as in the case of the paraxial ray ap-
proximation. It must, however, contain both real-va-
lued solutions of the dynamic ray tracing system (the
whole fundamental matrix), i.e. the plane-wave solution
and the point-source solution. Even if we are consider-
ing only a point source in our computation, the plane-
wave solution of the dynamic ray tracing system must
also be evaluated. The evaluation of the second linearly
independent solution of the dynamic ray tracing system
takes only a small fraction of the computer time re-
quired for the whole computation. Hence, we can say
that the evaluation of the Gaussian beam requires ap-
proximately the same amount of computer time as the
evaluation of the paraxial ray approximation.

In many applications, it is appropriate to use 2-D
Gaussian beams. Let us assume that the model does not
depend on one Cartesian coordinate, e.g. on the coor-
dinate x,. Consider the rays situated in the plane
x,=0. We select one ray Q. The ray is fully specified by
one ray parameter, say y (e.g. the take-off angle at the
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source). This parameter is the ray coordinate. The ray-
centred coordinates ¢; are introduced in such a way
that g, coincides with x,. We shall now consider
Gaussian beams infinitely broad in the x, direction and
call them 2-D Gaussian beams. All the above equations
remain valid in the case of 2-D Gaussian beams, only
the 2 x 2 matrices P, Q, M, K are replaced by scalars P,
0, M, K, corresponding to the upper left elements of
corresponding matrices. See Cerveny (1985b) for de-
tails. Any 2-D Gaussian beam concentrated close to 2
is then specified at any point s=s, of Q by two real-
valued quantities, Re M(s,) and Im M(sy). Instead of
Re M(s,) and Im M(s,), we can again use K, and L,

M (s,)=Re M(so)+i Im M(so) =1~ *(so) K, +n—£2—. (3b)
N 0

K, and L, are the phase-front curvature and the beam-
width of the 2-D Gaussian beam at s=s, in the plane
x,=0, for a frequency of 1 Hz. Let us again emphasize
that Eq. (3b) specifies a 2-D Gaussian beam, infinitely
broad in the x, direction, not the circular beam as in
Eq. (3a).

Summation of Gaussian beams

In the Gaussian beam method, the high-frequency so-
lution of the elastodynamic equation for any elementa-
ry wave is obtained by summation of Gaussian beams.
This expansion of the high-frequency wave field into
solutions concentrated close to rays was first suggested
by Babich and Pankratova (1973). Asymptotic expan-
sions of the 3-D wave field, generated by a point
source, into Gaussian beams were derived by Popov
(Katchalov and Popov, 1981; Popov, 1982). For the
2- D wave field generated by a line source, see Cerveny
et al. (1982) and Miiller (1984). For the expansion of a
plane wave into Gaussian beams, see Cerveny (1981,
1982).

A more general approach to derive the expansion
equations of a high-frequency wave field into Gaussian
beams was used by Klime§ (1984a), who applied the
approach to a scalar 3-D wave field given on an arbi-
trary smooth initial surface. A similar approach was
applied to a vectorial 3-D wave field by Cerveny
(1985b), where various asymptotic expansions for an
arbitrary multiple reflected (P, S or converted) elemen-
tary wave are derived. We shall present, without deriva-
tion, one of these general expansions. The expansion is
applicable to different types of wave fields: for the wave
field generated by a point or line source, for the wave
field specified at an initial surface of arbitrary shape, at
some wavefront, at the Earth’s surface, at an exploding
reflector, etc.

We denote the displacement vector of an elementa-
ry wave, evaluated at any point S by the Gaussian
beam method, by #°(S). The general expansion formula
can then be written in the following form:

a%(8)=ff &¥(,) UN(0,) expiwt(S, 0} d*y. 4)
D

Here y,, y, are the ray parameters, e.g. the take-off
angles in the case of a point source or the curvilinear
coordinates along the initial surface. The integration is














































































