Geophys. J. R. astr. Soc. (1986) 86, 531-551

Discretization error for the superposition of Gaussian
beams

v . 2 ¢
Ludék KlimeS§™ rmstitue of Geophysics, Charles University, Ke Karlovu 3,
12116 Praha2, Czechoslovakia

Accepted 1986 January 31. Received 1986 January 21; in original form 1985 July 19

Summary. A high-frequency asymptotic integral expansion of a time-
harmonic wavefield into Gaussian beams was derived in a previous paper by
Klimes. The discretization error caused by replacing this integral super-
position by a discrete summation of Gaussian beams is estimated in this paper.
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1 Introduction

A wavefield specified on an initial surface in terms of a complex-valued amplitude and phase
was asymptotically expanded into Gaussian beams in Klime§ (1984). This expansion has the
form of an integral superposition, which is commonly replaced by the summation of
separate Gaussian beams in practical computations. In this paper we shall estimate the error
caused by this replacement. The reader should be familiar with the Gaussian beam method.
An ample list of references to Gaussian beams is given by Cerveny (1985).

The asymptotic integral expansion, briefly recalled in Section 2, was derived under the
following assumptions: (a) the specified amplitude is approximately constant and the phase
may be replaced by a Taylor expansion up to second order in the spot-ellipse of any beam;
(b) the quantities describing Gaussian beams vary very slightly through the regions
corresponding to the spot-ellipses of individual Gaussian beams and they may, therefore,
be considered approximately constant, The spot-ellipse is understood to be the region, where
the amplitude of a beam does not decrease more than by a factor of e relative to its
maximum value on the central ray.

Before studying the discretization error, we shall assume the above mentioned conditions
are satisfied to guarantee sufficient accuracy in the integral expansion. In addition, we shall
suppose that the steps in the ray parameters of the central rays of the beams are approxi-
mately constant in the spot-ellipses. There is no reason to use rapidly varying steps with
slowly varying beam quantities.
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Note that the expansion assumptions need not be necessarily satisfied directly on the
initial surface. Since the weighting function in the superposition is independent of the
position along a fixed ray, the given wavefield may be extended by the ray method on to
another surface on which the assumptions are fulfilled. Similarly, the existence of a surface,
along which the integral superposition of beams may be replaced by the discrete with the
estimated error, is a sufficient condition for the discrete superposition to be valid in all
regions, where the Gaussian beams continue to be good approximations to the solutions of
the elastodynamic equations. In view of these considerations, we shall not be surprised that
the resulting expressions for the estimated error are independent of the position along a
fixed ray.

In Section 3 we shall try to elucidate what may be considered ‘slightly varying’ or
‘approximately constant’ with regard to replacing an integral by a summation. Reading
Section 3 is not important for understanding the following sections.

The discretization error will be studied first in Section 4 for the case of the one-
parametric superposition of Gaussian beams (e.g. 2-D computations), because in this case the
evaluation of the error is relatively simple and makes the proposed method of estimating the
discretization error clear. Next the discretization error for the case of the two-parametric
superposition will be estimated in Section 5. The principles of the method will be the same
as for the one-parametric superposition, but additional considerations and approximations
must be performed to obtain the results in very simple form, similar to that for the one-
parametric case.

In this paper, we shall use the Einstein summation convention for subscripts. The capital
letter subscripts will take the values 1, 2; lower-case indices will take the values 1, 2, 3.
2 x 2 matrices with components A 4 g will be denoted either by A or A 4 5. 3 x 3 matrices
will always be described by means of their components. The symbol 4'5 will indicate the
components of the matrix inverse to A. An asterisk will denote the complex conjugacy.

2 Expansion of a high-frequency time-harmonic wavefield into Gaussian beams
2.1 TWO-PARAMETRIC INTEGRAL SUPERPOSITION

The two-parametric integral superposition of Gaussian beams may be expressed in Cartesian
coordinates as (Klime¥ 1984, equation (77))

w
u;(x9) = - ﬂ dy, dy, AR [det QR|/— det M — M®)

1
x exp i o[+ (x) —x)p;+ ~2—(x]9 — %)) (xg = x) Hyypy Hin M — t11, (1

where the integration is performed over all ray parameters v,, v, and the square root
v/—det (M —MR) is taken with a positive real part. The Cartesian coordinates of the
receiver are denoted by xjo, w is a positive angular frequency and ¢ is the time. All the
following quantities are taken at the endpoint X; of the ray specified by the ray parameters
07 A:AiR is the complex-valued vectorial ray amplitude including the phase shift due to
caustics; 7 is the travel time; p; are Cartesian components of the slowness vector; | det QRI
is the square of the geometrical spreading expressed in terms of the matrix

0% p=—" )
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of geometrical spreading, which is the matrix of transformation from ray parameters y4 to
the ray-centred coordinates q 4. The matrix

_axl- _aqm

jm ~

— 3
aqm aX] ( ]
is a unitary 3 x 3 matrix, the columns of which constitute the local vector basis of the ray-
centred coordinate system expressed in Cartesian coordinates x;. MR is the matrix of the
second derivatives of the ray travel-time field in the ray-centred coordinate system. The
3 x 3 matrix

. My, My,, - Vlv_2
M= My, Mia, — Vyv? 4)
- Vw2, —Vw?, -V

is composed of an arbitrary complex-valued symmetric 2 X 2 matrix M with a positive-
definite imaginary part and of the slowness gradient

™!
— Vil)_2 =Hfi ( )
ax]'

(%)

expressed in the ray-centred coordinate system. The matrix M controls the shape of the
Gaussian beams and its proper choice will be discussed elsewhere.

2.2 TWO-PARAMETRIC DISCRETE SUMMATION

If integral (1) is discretized at points (y;(k1), 72 (k2)) of the ray-parameter surface, the
summation of the separate Gaussian beams

(@3]
uP @)= T ¥ GAR det Q| /= det (M — M)
kl k2

x exp [iw[r + (xjo - xj) pj+ Y (xjp - xj) (xl(c) - xk)Hjm Hin My, — 1] (6)
is obtained instead of (1). Here

G=G(ky, ky)= j‘f dy, dv, (7
I'k,, k,)

is the area of the element I'(k,, k, ) of the ray-parameter surface, corresponding to the beam
along the central ray with parameters v, (k;), v, (k2). The quantities AiR, T, Dk» QR MR,
M;;, H;; are taken at the endpoint x; of the ray with ray parameters v, (k,), v, (k2 ).

2.3 ONE-PARAMETRIC INTEGRAL SUPERPOSITION

The one-parametric integral superposition of ribbon Gaussian beams may be expressed in
Cartesian coordinates as

w
ui(x;’)=\/2:ﬂfdyl AR N/~ im

x exp [iw|[7 + (x]9 - x}-)pl-+ %(x]p - x,’) (x,? - xk)Hjm Hiy My, — 1], ®)
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where the integration is performed over some curve in the ray-parameter surface,

parametrized by 7;. The square root \/—im is again taken with a positive real part. The
matrix

My, My, —'Vlv_z
Myn = Mi,, My, -V, )
-V, Vv, — Vvl
where
Myp=M35+m(@)ih (@%)h, (10)

is specified by any given complex number m with positive imaginary part. The complex
number m is used to describe the shape of the ribbon Gaussian beams instead of the matrix
M because, from (10), the components of matrix M are not independent.

Equation (8) is a generalization of 2-D Gaussian beam summation. Matrices MR and QR
are diagonal in the 2-D case, and (10) then simplifies to

My = M5 +m(QF). (1)
The other components of M do not depend on m in this case and do not appear in (8) for
X, =x3J. That is why the quantities m and M,, may be used as alternatives for describing
the shape of the Gaussian beams in the 2-D case. However, m is more convenient than M,

for describing beams in a general one-parametric superposition.
Note that all quantities used in this section are independent of the choice of ;.

2.4 ONE-PARAMETRIC DISCRETE SUMMATION

If integral (8) is discretized at points v, (k) of the curve on the ray-parameter surface, the
summation

w
uP (x?) =\/2—: % Ay, AR N/~ im

1
x exp liwofr+ (< — ) pj+ - (f = x)) (% = xi) Hjm Hin Mo —21] (12)
of ribbon Gaussian beams is obtained.
Here
Ay, = Ay (k)= dv, (13)
r'(k)

is the length of the element I''(k) of the ray-parameter curve, corresponding to the beam
along the central ray with parameter v, (k). The quantities AiR, 7, Dp H,-]., m, M,-j are taken
at the endpoint x; of the ray.

2.5 DISCRETIZATION ERROR

The relative average square of the error, over some region Z, caused by replacing the integral
superposition #;(x;) of Gaussian beams by their discrete summation uP () is

L lu; (%) — uP (x)1?dz

52 =
f luy (xI? dZ
b
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or
f lu; (%) —uP (x))I* d2

- )]

82 =

14
flu,?(xl)lzdz (14
x

The region T is taken in this paper to be the image of the element I' of the ray-parameter
surface corresponding to one beam. Considering our assumptions of approximately constant
quantities, this error will vary only slightly from beam to beam.

If |u;(x;)| does not vary too much inside Z, the maximum relative error

6max - T
[z (x)]

- max [Wi(xj)—uzp(xj)l]

xmE<EZ

or

L“D@‘z)'] (15)

6 = m [
A e mEE luP (x|

may also be introduced.

3 Comment on the term ‘slightly varying’

Assume given an integral of function f(g) that
F=ff(q)dq, (16)
which may be equivalently expressed in terms of another coordinate vy as
F =ff faml o) dn, 17)
where
oq
oM =— - (18)
ay

Now take the function f(gq) to be digitized at the points

ax = q(vx)- (19)
The discretization of (16) yields

Fy = b + —qk- s

1 % k [Ark+1/2 — Qr-1)2] (20)
where
fe = F@). 1)
Here

G122 =9(Vk £1/2) (22)
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are the boundary points between the separate elementary intervals. The corresponding
discretization of (17) yields

Fy =Y fx Ok [Ykryz — Ye-y21, (23)
X

where

QO = Q(71)- (24

The sum F, is generally different from F,. The relative difference in each elementary
interval Yk _1/2, Y +1j2 2 i8
_ Ar+1/2 — di-tj2 — Ok [’)’k+1/2 - ’Yk—1/2] . (25)
Ok [Yk+1/2 — 7k—1/2]

Now assume the function Q(y) to be monotonic inside each elementary interval. Then

&

lgrz1y2 — [ax + Cr[Yicryyz — Yell 1 10k 172 — Qicl Micx 2 — il (26)
Q12 — Q) (Qk — Qk-12) 20 (27)

and, consequently,

1(Qk+1/2 = Qi) — @k — Qie-yy2)l _ |AQ]
210kl 210!’

where |AQy| |Qx ™! are the relative changes of the quantity Q at distances corresponding to
the discretization step, related to the non-linear trend in Q.

Since the difference between two discretizations of the same integral may be presumed to
be connected with the discretization error, we may call the quantity Q ‘approximately
constant for discretization’ (or ‘approximately linear for discretization’) if its relative
changes (or non-linear relative changes) over the discretization step are not more than twice
the desired maximum relative error. The terms ‘approximately constant, linear or quadratic
functions inside spot-ellipse’ may be understood similarly if the Gaussian beams are
approximately transformed from one coordinate system to another.

Note that if the step between two subsequent beams is as large as possible, but
sufficiently small in order to keep the discretization error admissible, the size of the step can
be shown not to be very different from the dimensions of the spot-ellipse in most cases. That
is why the assumptions for deriving the integral asymptotic expansion into Gaussian beams
and for deriving the discretization error may be conformal.

6= (28)

4 Discretization error for a one-parametric superposition

We assume that the Gaussian beams are sufficiently narrow to be able to replace the
Cartesian coordinates by a paraxial ray approximation in the ray coordinates v,, 7. The
integral superposition (8) of Gaussian beams may then be expressed in the ray coordinates as

w

ui(v?,f)=£fd71 AR /Zim exp [iw[r — t +%(1§ —71)* m]lL, (29)
7

where 7; is the parameter of the ray passing through the receiver. The quantity (see 10)

m=Q§1 (MAB—M/II{B)Q%I’ (30)
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or simply (see 11)
m=QF My, —MY) O} (1)

in the 2-D case, controls the shape of the Gaussian beams.
The corresponding discrete sum (12) of Gaussian beams may be written in the form

+ oo
uP (3.7 -'-\/2E Y Ay AR V=im exp [iw[r — 1+ % (k — £)° S]], (32)
m
k=—oo0
where
£=7°/Ay, (33)
and
S = (Ay)*m. (34)

If we suppose that the quantities AR, m are approximately constant in the effective
regions of the Gaussian beams, we can evaluate the superposition (29) as

ui (13, 7)= AL exp [iw(r - 1) (35)

and the sum (32), which is a periodic function of &, as

+ o0
uP(,7)= Y ai(n) exp (2ming), (36)

n=-—oo

where the Fourier coefficients (see 32 and 36)

1 w + o=
a;(n) = f dg exp (— 2mink) . y A .Af‘ = im exp Jiw[r — t+ 4% (k — £)* S1]
0 7T k=—oo
(37
may be evaluated analytically:
w [t tee iw
a;(n)= > AR /=S exp [iw(T - 1)] J d¢ Yy exp [—2(k — £)*S + 2min (k — E)]
m 0 k=—o0
R _ —iwS [*7 iw .
=A; exp [iw(r—1)] /—— dt exp | — £*S — 2ming
2n S 2
4R licolr — )] —iwS j+wd2 [in (E 27'rn)2 2% 2]
= A" exp [iw(r — f— exp |— |§——] ———n
i %P 2m oo P 2 wS wS
R 2m%i _
=4, exp liw(r — 1)] exp | — — nz] . (38
wS ’

Introducing the quantity

. ( 27r2i) 39°
=ex —_— » "
P wS
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the difference between the integral and discrete superposition may be written in the form
(see 35,36, 38)
4o , o
uP —u;=u; [ Y b™ exp (2ming) — 1] =u;2 Y b"™ cos(2ming). (40)

Instead of (40) we may write the approximate form

uP u; =u; 2b cos (2mit), 4D

D_
because b must be small, and the quantities b*, b°, b'®, ... then need not be taken into

account,
The relative average quadratic ertor (14) then reads

5% =252, (42)
and the maximum relative error (15) is
Omax =28, (43)
where
5= b [ nzi(l 1)] ( 2n? ImS) )

=|bl=exp |—— |- —= =exp |—— .

P wi\s s P w S*S§

Equation (44) may be rewritten as
8 =exp (— 1%k ?) (45)
where the coefficient
k2 =(A71)* Z1, (46)

is expressed in terms of the quantity
wm*m

Zyy=——. 47
2Imm

Here m is defined by (30). In the 2-D case, (47) simplifies to (see 31)
w . _
211=E(Q?1)2 M, -MT)) (Ilil)l(Mll—ME)' (48)

Since we have considered the element I'' of size Ay to be placed symmetrically about the
central ray of a beam in this section, the square Ay? of the step is equal to the 12 times
enlarged specific moment

Gy =12877" L, (r1 —71)? dns (49)

of the element I’ with respect to the central ray v, =43 of the beam. Then (46) may be
rewritten as

K2=G11Z11, (50)

which is more convenient for practical use than (46) which contains no information about
the mutual position of the ray and the corresponding element '’
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Equations (42), (43), (45), (47), (49) and (50) yield an estimate of the discretization
error for the one-parametric superposition of Gaussian beams. Note that the first term in

K2 =26 [Im m + (Re m)® (Im m)™] (51D
S O

corresponds to Gaussian decay and the second to destructive interference. The discretization
error caused by Gaussian decay is greater for larger Im m, i.e. for narrower beams. On the
contrary, the discretization error caused by the oscillations appearing instead of the desired
destructive interference is reduced for larger Im m, i.e. narrower beams. If there is no
destructive interference (Re m = 0), the coefficient x has the meaning of the ratio of the step
between two subsequent beams to their characteristic half-width, i.e. to the distance, where
Gaussian decay reaches e™!. In other words, without destructive interference, Gaussian
decay over the step between subsequent beams is exp (—«x?2).

5 Discretization error for a two-parametric superposition

We assume that the Gaussian beams are sufficiently narrow to be able to replace the
Cartesian coordinates by a paraxial ray approximation in the ray coordinates v, , v, , 7. The
integral superposition (1) may be expressed in ray coordinates as

oy ¥ R R \/_'_-'—-‘T
ui(‘)’A)-zﬂ ffdyl dy, A; |det QT |v/—det(M —M™)

xexp [iw [t +% (72{ ~ k) (7(1), -7L) Qﬁu{ Q11\1/L (MMN - M/‘;}N) -t (52

where 721 are the parameters of the ray passing through the receiver. All other quantities are
defined in Section 2.1.

The corresponding discrete sum (6) of Gaussian beams over a homogeneous rectangular
net in the ray-parameter surface generated with the steps Ay,, Ay, may be written in the
form

w T + o0
wWai)=— Y ¥ GAR|det Q¥ |/ det (M —MF)
2 ey =0 ke, = oo
xexp liw [r+% (¢4 — k) Syp(Eg —kp) -t (53)
where
£ =738y &2 =738y, (54)
G =Ay, Ay, (55)
and
S=rTQ™»T M — MR) QRI". (56)
Here
Ay, 0 )
r= 57
( 0 H A72 ( )

is the matrix of the steps in the ray parameters.
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If we suppose that the quantities AR, QR, MX, M are approximately constant in the

effective regions (or spot-ellipses) of the Gaussian beams, we can evaluate superposition (52)
as

u;(v%y) = A} exp fiw(r — 1)]. (58)

We assume matrix (56 ) to be constant for all Gaussian beams. The sum (53) is then a periodic
function of coordinates £, and may be expressed as

+oo $oo
ul.D('ygl) =y Y a(ny, ny)exp Qming k), (59)

ng=—o p, =—o0

where the Fourier coefficients

1 1
w
ai(nl,n2)=f d:glf dEzi—exp(—2m'nA £,) AR G 1det QR |v/= det (M — MK)
[ 0 n

+ oo 4 oo

X 3 Y expliwl[rt+¥% (kg —&p) (ke — £c) Spc — t]] (60)

k1 =—o0 kz =00

may be again evaluated analytically

w 1 1 + oo + oo
ai(nl,n2)=2—ﬂA,R exp [iw(r — £)]/—det S J. dt, f dg, z Z
0 0

k‘ —=—o00 k2 =00

X exp ['% (ks —£4) (kg — £8)S4 5 + 2ming (kg — £4 )]

w
=5 AR exp [iw(r — )] /= det S
i

+ee tee iw
X f dg, f dg, exp (7EASABEB+ 2min 4 SA)

— oo

4 o0 + oo
w
=2—ﬂAlB exp [iw(r — )] V/—det S f d§, f d§,
iw 2n 2 22 o
X exp|— &4+ —Sacne) Sap | Eg+ — Sgpup| ——— ncScpnp
2 w w w

R ) 22 .
=A; exp [iw(r—t)] exp |- — ncSépnp| . (61)
w

For the matrix S¢p see (56).
The difference between the discrete and integral superpositions may be expressed (see 58,
59,61) as
+ oo -+ oo
uP —u;=u, ¥ Y b(ny, my)exp Qming £,) —u;, (62)
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where
i
b(ny, ny)=exp|— ':nCSCDnD .
The relative average square of the discretization error (see 14)
_ 1 1
5% =4} ,-2f dt, f dt, |uP — u;l?
0 0

may be evaluated in the form

. + oo 4 oo + oo + o0

§2= Y Y 8Mm.m)-1= Y Y 8 (n,m),
ng=-—ox n2=—oo ng =—o nzz—oo
n?+nZ>0

where

8(ny, ny)=vb*(ny, ny) b(ny, ny).

The maximum relative error (15) is less or equal to

+oo +oo + o +oo

Smax= 2 2 S(n,m)—1= Y X 8(n,n)
P ——— 1, =—con, =
n?+n}>o0

Substituting (63) into (66) we obtain the explicit definition of the particular errors

74

8(ny, ny) = exp [— S =57 Dep nC”D] .

w
5.1 GEOMETRICAL INTERPRETATION OF THE PARTICULAR ERRORS

Introducing the matrix

-1 -1

K= [Zi)(S" —S"*)] = [(—:—S'l s* ~S)S"‘*] =w 8" [(S* - 9)]'S,

which has the form (see 56)
K=TZT,
with
w
Z=2 (@)T MM (ImM)™ (M —M") Q,
we may rewrite (68) as
8(ny, ny)=exp (—m? nyKi'g ng).

The matrix I" of the steps in ray parameters is given by (57).

541

(63)

(64)

(65)

(66)

(67

(68)

(69)

(70)

(71)

(72)

Since the matrix K is more physically meaningful to the author than the matrix K1, we
shall rewrite (72) directly in terms of matrix K. The summations in (65) and (67) are
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performed symmetrically over all integer values of n, and n,. Thus we may replace the
particular errors §(#,, n;) by

§'(ny, ny)=8(—ny, ny)=exp(—n*n, €45 Kge €pc p)s (73)
where
eAB=( 0 1). (74)
-1 0
Since
eK'eT =K [detK]™, (75)
equation (73) reads
8'(ny, ny)=exp [—n* (detK)' ny K4pngl. (76)
Let us use a graphical interpretation of (76). We define vectors
we(2) e
L, Ly
as the columns of matrix
L=XrI (78)

where the transformation matrix X is given by
X =Uz'?, (79)

Here Z is defined by (71) and U is an arbitrary 2 x 2 unitary matrix. Equation (76) then
reads

6 '(nl ’ n2) = exp [— n2 (det l()_1 (LA ny, LB nB)] ’ (80)

which may be rewritten in a more telling way as

6’("1, n2)=exp [_ 772 (det K)—l dz(nl: n2)]9 (81)
where
d(ny, ny)=|Liny + Lyny | (82)

is the distance between the origin and point (n,, n,) of the homogeneous (but generally
not isotropic) net generated by vectors L; and L, (see Fig. 1).
We denote by d, the size of the two smallest distances d(n,, n,) in Fig. 1. Similarly we

denote by d,, ds, ... the sizes of the second, third and other pairs of smallest distances
d(n,, n,). We also denote by 8,,8,,83, . . . the corresponding particular errors (81)
8, =exp [~ m* (detK)™" d2]. (83)

Since the distance d, is large in comparison with d, and d,,
di z min (@} +d},4d})z 2d}, (84)
the corresponding particular error

84 < max (8,8,,8%) < 81 (85)
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L] o L]
ta3) r23) t13)
° -] [ ]
£22) £12) 0.2)
-] o
£11) / 01) an
10 ©o] L, ol
L ] o -]
01 ) 2:1)
o (-] -]
f-2) P22 B2

Figure 1. The net generated by vectors (77) is the image of the take-off parameters of rays in mapping
(79).

is very small in comparison with 8, because the particular error §, must be a small number.

This makes the particular errors 84, 85, . . . negligible and the sum forming the average
quadratic error (65) may be restricted to
§2 =282 1 282 + 283. (86)

The same is valid for the maximum error (67)

Smax =28, + 25, + 253. (87)

5.2 ELEMENTARY SURFACES CORRESPONDING TO BEAMS

It may be rather cumbersome to construct the net generated by the vectors Ly, L, (see Fig.
1) and to determine the smallest distances d;, d,, d; between the nodes. We shall express
the distances d,, d,, d3 in terms of the properties of the element of the ray-parameter
surface corresponding to one beam.

It seems to be natural to couple the node of the net in Fig. 1 to the elementary surface A
of the points, the distance of which from the node is smaller than the distances from other
nodes (see Fig. 2). The elementary surface A has the shape of a centrally symmetric hexagon
inscribed in a circle of radius r. The distances of the sides of the hexagon from the node in
its centre are

a1=1/2d1, (l2=%d2, a3=%d3. (88‘

Note that the described hexagons involve rectangles as the limiting cases for d3 = d? +d?.
If we introduce the quantities

s=d?+d? +d?, t=d?d?+d3d}+did}, u=didid}, (89

we may express the area

o= | [ a5, a5, 90
A
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Figure 2. The images A of the elementary surfaces I' in mapping (79).

of the hexagon A in the following way
D=+t - (%s). 2y

Here, ¢, , ¢, are any Cartesian coordinates introduced into Figs 1 and 2 with their origin in
the considered node (see 77 and 78). The radius of the circumscribed circle of the hexagon
is

r=%D"d,dyd; =% D' (92)

We define the 12 times enlarged specific moment of the elementary surface A as

D,cua:lzl)_l":fA $48pdt, dS,. ‘ (93)
The trace and the determinant of the matrix D are

trD=s—4r%, (94)
det D=D? —1 (s — 8r2)2. 95)

On the other hand, the quantities D, tr D and det D may be specified and quantities (89)
may be evaluated. Since the triangle with sides d;, d; and d; is acute-angled,

|d? —d?| Sd3Sd? +d?, (96)
the inequality
s 2 877 (o7

is valid. Considering (97), equation (95) reads
s — 8% =+/2(D* — det D). 98)
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Equations (94) and (98) yield
4% = tr D —2(D? — det D), (99)
s=2trD —v2(D? —det D). (100)

Using in addition (91) and (92), the relations
t=D*+ [tr D — %2 (D* - det D)%, (101)
u=D? [tr D —+/2(D* — det D)] (102)

are obtained.
The squares of distances d,, d, and d; may be obtained from the quantities D, tr D and
det D as the roots of the cubic equation

(d?)® —s(d*)? + t(d*) - u=0, (103)
where s, ¢ and u are given by (100)—(102). The relative error of replacing the integral super-
position by the discrete in the discussed regular case is then given by (83) and (86) or (87).
Note that the equivalence

det K = D* (104)
may be used for substitution into (83).

Let us now express the relation between the quantities D, tr D, det D and the similar
quantities describing the element I’ of the ray-parameter surface parameterized by ray
parameters 7;, ¥,. Assume that the elementary surface A in Fig. 2 is the image of the
element I' in the transformation (see 79),

§4=Xap(rg —7%), (105)

where 'yg are the parameters of the central ray of the considered beam and the
transformation matrix X is given by (79). Inserting (105) into (90) and (93) we obtain

D=detX G (106)

and

D=XGXT, (107)

where

G= ff dy, dv, (108)
r

is the area of element I' of the ray-parameter surface corresponding to the considered beam
and

Gupg=12 G+ Jlj dy, dys (Y4 —721)(73 - 7%) (109)
r

is the 12 times enlarged specific moment of element I'. Considering (79), equations (106)
and (107) yield

D = (det Z)"/2G, (110)
tr D = tr (ZG), (111)
det D =det Z det G. (112)
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5.3 APPROXIMATE SOLUTION OF THE CUBIC EQUATION (103)

The expressions for the discretization error work with the solutions of cubic equation (103).
Considering that our assumption of the constant matrix (56) will be satisfied only approxi-
mately during practical computations, the exact solutions of (103) may be replaced by
approximate ones in most cases.

The square of the area D of a centrally symmetric hexagon inscribed in a circle may be
proved to belong to the interval

27
D€ <det D, - det D>. (113)

The minimum value D? =detD is achieved for any rectangle, the maximum value
D? =(27/25) det D is achieved only in the case of an equilateral hexagon. In the latter case
matrix D is a multiple of the unit matrix.

In the case of a rectangle, D = det D, the coefficients (100)—(102) of (103) have the form

s=2trD, r=detD+ [tr D]?, u=[detD}® trD, (114)

and (103) has solutions

d*=D,, d?=D,, d}=D,+D,=trD, (115)
where

Di=%trD—+/(%4tr D — det D (116)
and

D,=%trD+/(%tr D) —det D (117)

are the eigenvalues of matrix D.
In the case of an equilateral hexagon, D, =D,, D?> =(27/25) D?, and the coefficients
(100)—(102) take the values

18 108 27 8
=—D,, t=—D? u=— -D}, 118
T 25 ! 255 ¢ (118)
and (103) has the solution
6 6 6
d?=d? =d?=—-D,=-D,=— (D, +D,). (119)
1 2 3 5 1 5 2 10( 1 2)

The solution (115) for a rectangle prompts the use of an approximate solution
d®=D,, d?=D,, d?=D,+D, —\2(D® —detD) (120)
of (103). The relations
s=(d? +d? + d?), (121)
t=(d?d? + d}d} + d3d?)+ ¥, (D* — det D), (122)

u=(d*d2d?)D*/det D (123)


















