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Summary. Several methods of evaluating high-frequency seismic wavefields
generated by earthquake sources in laterally varying, 2-D and 3-D, layered
structures are discussed. They are based on the standard ray theory, on the
paraxial ray approximation and on the summation of Gaussian beams. High-
frequency expressions for the Green tensor for a general 3-D laterally varying
layered structure are derived and used in evaluating seismic wavefields
generated by point sources as well as finite extent faulting sources. Numerical
examples of ray synthetic seismograms generated by buried double-couple
point sources situated in a 2-D model of the Earth’s crust are presented.
Special attention is devoted to faulting sources of finite extent with arbi-
trary spatial variations of rupture velocity and slip velocity intensity factor
over a curved fault. Inserting Gaussian beams and/or paraxial ray approxima-
tions into the representation theorem leads to expressions which may be
evaluated in several ways. For situations in which the involved parameters
vary smoothly along the fault, the ‘narrow-beam’ approach may be used.
Within the region, on the fault, illuminated by a beam, the variation of para-
meters may be substituted by their Taylor expansion and the expressions
resulting from the representation theorem may be evaluated easily. If any of
the involved parameters do not change smoothly along the fault, the ‘broad-
beam’ approach may be used, in which the slip function is expanded into
Gaussian envelope functions. Several other modifications and/or combina-
tions of these approaches are proposed. None of the mentioned algorithms
requires a two-point ray tracing. Moreover, synthetic ground motions
generated by different faulting models may, under certain circumstances, be
computed using the same system of rays; without repeating the relatively
time-consuming ray tracing. This makes proposed algorithms more effective
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and, perhaps, even faster than the isochrone method. Numerical examples are
presented, in which the Gaussian beam synthetic ground-velocity seismograms,
evaluated for a rather complex faulting model, are compared with those
calculated by the isochrone method and by the finite-element/discrete wave-
number method, based on the complete Green tensor. The comparisons
indicate that the Gaussian beam method yields sufficiently accurate results.

Key words: seismic waves, finite extent faulting sources, summation of
Gaussian beams, paraxial ray approximation, laterally inhomogeneous
structures

1 Introduction

High-frequency asymptotic methods have recently found broad applications in the numerical
modelling of seismic wavefields in complex 2-D and 3-D laterally varying layered structures.
Stable codes to evaluate synthetic seismograms by the ray method and by its various modifi-
cations are now available. Even though the methods are only approximate, they have found
important applications in structural seismology, particularly in the interpretation of deep
seismic sounding data.

In structural studies, usually only simplified types of point sources have been used,
mainly explosive-type sources with isotropic radiation patterns. This approach is perhaps
justified in the structural deep seismic sounding studies. However, if we are interested in the
properties of natural earthquake sources, it is necessary to consider a more realistic
earthquake source mechanism.

Contrary to the structural studies, the studies of earthquake source mechanisms have
usually concerned only rather simplified types of media. Most commonly, homogeneous,
vertically inhomogeneous or radially symmetric media are considered. The earthquake
sources are, however, generally situated in structurally complex 2-D and 3-D media. Both the
mechanism of the earthquake source and the inhomogeneity of the medium influence the
wavefield considerably and should be considered in quantitative studies of seismic wavefields.

The simplest possible alternative of high-frequency modelling of earthquake sources,
situated in laterally varying media is based on a simulation of an earthquake source of finite
extent by a moment-tensor point source. This approach is very convenient for studying the
seismic body wavefields at larger distances from the source, but fails in the evaluation of
high-frequency strong motion studies close to the source. Such high-frequency ground
motions (ground velocity seismograms and ground acceleration seismograms) are of great
importance in seismic engineering and in the detailed studies of the rupture processes in a
faulting source.

In this paper, several procedures of evaluating the high-frequency seismic wavefield,
generated both by a moment-tensor point source and by a faulting source of finite extent,
are proposed. As all the relevant expressions contain the elastodynamic Green tensor, the
high-frequency expressions for the Green tensor in a general 3-D laterally varying layered
structure are derived in Section 2. Three high-frequency methods are used to derive the
Green tensor: (a) the Gaussian beam approach, (b) the paraxial ray approximation, (c) the
standard ray theory. Each of them has its particular advantages and disadvantages. The
standard ray method is conceptually most simple, but it requires time consuming two-point
ray tracing. Moreover, it is not sufficiently accurate in singular regions (such as the caustic
region) and is very sensitive to the small details in the aprroximation of the medium. The
paraxial ray approximation eliminates the time-consuming two-point ray tracing. It does not
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require rays which pass exactly through the source and the receiver. The above-mentioned
deficiencies of the ray method may, to some extent, be removed by the summation of
paraxial ray approximations or by the summation of Gaussian beams, concentrated close to
rays shot from the source and passing in the vicinity of the receiver.

In Section 3, the expressions for the high-frequency elastodynamic Green tensor found in
Section 2 are used to write general equations for the high-frequency seismic wavefield
generated by a single-force/moment-tensor point source. Numerical examples for a double-
couple buried point source in a 2.D laterally varying layered model of the Earth’s crust are
presented in Section 4. It is shown that the resulting seismograms are very sensitive to the
dip angle of the double-couple source.

Section 5 is devoted to faulting sources of finite extent. Several papers published recently
have been devoted to high-frequency radiation from earthquake faulting sources; see
Madariaga (1983); Madariaga & Bernard (1985); Bernard & Madariaga (1984); Spudich &
Frazer (1984); Cormier & Beroza (1985), etc. A very powerful method, based on isochrone
integration over the fault, was proposed. We shall use Spudich & Frazer’s (1984) formulation
of the problem and solve it using the Gaussian beams and/or paraxial ray approximations.
Several alternatives are proposed: the narrow Gaussian beam approach, the broad Gaussian
beam approach, and the single-ray approach. These three basic alternatives may be combined
and/or modified in many ways, as discussed in Section 5.6. In all the above methods, rays
are not traced in the usual way, from the source to the observer, but from the observer to
the source. None of these alternatives requires two-point ray tracing. Moreover, the rays do
not even have to terminate exactly on the fault surface; the endpoints of rays may be
situated in some vicinity of the fault surface. Once we have calculated a system of rays shot
from the observer point, with a sufficiently dense system of endpoints in some region, we
can use the same system of endpoints to calculate the synthetic ground motions generated
by an aribtrary fault surface, situated in the same region. Thus, it is not necessary to repeat
the time-consuming ray tracing if a new earthquake source is considered.

In Section 6 one of the proposed algorithms (the narrow Gaussian beam approach) is
applied to the earthquake source model studied by Spudich & Frazer (1984). The evaluated
synthetic ground velocity seismograms are compared with those obtained by the isochrone
method and by the finite-clement/discrete-wave number method, based on the complete
Green function. The comparisons indicate that the method of Gaussian beams yields suffi-
ciently accurate results. In another numerical example, the same faulting source is situated in
a 3-D laterally varying structure.

The approach based on the summation of Gaussian beams may have certain advantages in
comparison with other methods. These advantages, with certain other important conclusions,
are listed in Section 7.

In this paper, we shall use broadly both matrix and component notations. As usually, we
denote the matrices by boldface letters. To distinguish between 2 x 2 and 3 x 3 matrices, we
shall use the circumflex symbol ~ above the letter for the 3 x 3 matrices. The vectors are also
written in matrix notation. The circumflex symbol is also used to distinguish a 3 x 1 column
matrix (vector in a 3-D space) from a 2 x 1 column matrix (vector in a 2-D space). The scalar
product of two real 3-D vectors A and B is then written as ATB, where T denotes transpose.
In component notation, the capital letter indices take the values 1 and 2, the lower-case
indices the values 1, 2, 3. Thus M,; denote components of M, M;; components of M. The
Einstein summation convention is used throughout the paper. Due to the above notation,
My;q; denotes My q, + Mp,q, (for I'=1 or 2), and My;q; denotes My gy + M qa + Myaqs (for
i=1,2, or 3). We do not hesitate to transfer from matrix notation to component notation,
and vice versa, at any place where we feel that the other notation is more suitable.
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2 The Gaussian beam Green tensor

All the expressions for the seismic wave field, generated by a seismic source, can be written
in a very compact form using the Green tensor. In this section, we shall derive approximate
high-frequency expressions for the Green tensor using the Gaussian beam approach.

We shall consider a general Cartesian coordinate system x; and assume that a point source
is situated at point X° and the receiver at point %. In a 3-D laterally varying layered medium,
there is generally an infinite number of elementary waves which propagate from the source
to the receiver region. Each elementary wave (reflected, refracted, multiply reflected, con-
verted, etc.) is described by an appropriate numerical or alphanumerical code which specifies
the history of its rays. In practical computations, the complete wavefield is simulated by a
finite set of the most important elementary waves.

For the elementary wave under consideration, we evaluate a discrete system of rays with
the initial points at the source point %°, and the travel times 7 along these rays. We specify
one of these rays by the ray parameters v, y,. The ray parameters may, for example, have
the meaning of two take-off angles specifying the direction of the ray at the source. The
system of rays may be regular or irregular, but it must be sufficiently dense in the vicinity of
the receiver point . We terminate each ray at some point £ = #(y, ¥2). For rays which pass
in the vicinity of X we require that the termination points  be sufficiently close to %. For
example, we can evaluate £ as a point of intersection of the ray with some formal or real
surface passing through the receiver point X. For remote rays, the position of the termina-
tion points may be arbitrary, as the contribution of Gaussian beams concentrated at these
rays will not affect the wavefield at .

Along each ray, we determine three polarization vectors, which determine the unit basis
vectors of the ray<entred coordinate system g;, i =1, 2, 3. The Cartesian components of the
polarization vectors form an important 3 x 3 unitary matrix H with elements Hy; = ox;/0q;.
Each column of H is formed by the Cartesian components of one polarization vector; the
third column represents a unit vector, tangent to the ray. In this way, H is the transformation
matrix from ray-<centred to Cartesian coordinates.

We then perform the dynamic ray tracing along each ray and determine two linearly
independent real-valued matrix solutions of the dynamic ray-tracing system: 2 x 2 matrices
Q, and P, (plane wave solution: for initial conditions Q; = I, P, = 0 at %°), and 2 x 2 matrices
Q,, P, (point source solution: for initial conditions Q,=0, P, =1 at %°). From Q; and P,
we can evaluate the important 2 x 2 real-valued matrices QR PR and MR, which correspond
to the initial conditions Q =0, P =P, at X°; P, being the 2 x 2 transformation matrix from
ray parameters vy, v, to the ray-centred components p®, psq) of the slowness vector p at the
source. Then QR = Q,Py, PR =P,Py,MR =P, Q;!. The real-valued 2 x 2 matrix QR represents
the transformation matrix from ray parameters v,, ¥, to the ray-centred coordinates q, g2,
Q% =09q 1197y Tt is also called the geometrical spreading matrix, as det (QR) is closely related
to geometrical spreading. Similarly, the 2 x 2 real-valued matrix PR represents the transfor-
mation matrix from ray parameters v,, 7y, to the ray-centred slowness vector components
p$0, p$D, PR = 0p® /3y, = 8?r/dq9y;. Finally, the real-valued symmetric 2 x 2 matrix MR
is the matrix of second derivatives of the ray travel-time field with respect to the ray-centred
coordinates q,, g,, M¥y = 3%7/0473q;.

Using the Gaussian beam approach, we can write the following approximate expressions
for the Cartesian components of the displacement vector, @, of the harmonic high-frequency
wavefield at point x:

ik w)= L 2% k% w), (1)

E.W) ()



High-frequency radiation from earthquake sources 47

where w denotes the circular frequency. The first summation is over the selected elementary
waves, the second over the discrete set of Gaussian beams of the elementary wave under
consideration; each of the Gaussian beams being concentrated close to one ray £ of the
whole system of rays. For each beam, we can write (see Klime$ 1984, 1986; éerven)’r 1985a),

82 (%, w) = 21"1; IOU% ] det (QR) | [— det (M — M) 2 exp [iwr(%, B)], @)
where

T(®, D) =10t (X — )7+ %X - DN X - ¥), 3)
with

N =HMHT. 4)

Here the superscript T denotes the transpose; the square root [— det (M — MR)]'/2 is taken
with a positive real part. The quantity I'°,

re= ff dy,dv,, (5)
AT

is the area of the element AT of the ray parameter surface, corresponding to the Gaussian
beam under consideration. The quantities 7, QR , MR M, p, N in (2) and (3) are taken at the
termination point ¥ on the ray £2.

The individual quantities in (2) have the following meaning: 7, is the travel time from %°
to £, p is the slowness vector at f (in Cartesian components), M is a 2 x 2 complex-valued
symmetric matrix of the second derivatives of the travel-time field of the Gaussian beam
with respect to the ray-centred coordinates g, g,. It has a positive definite imaginary part.
The real part of M is related to the curvature of the phase front of the beam, the imaginary
part is related to the width of the beam. Thus, matrix M controls the shape of the beam. It
may be selected to some extent arbitrarily. In this article, we shall not discuss the problem
of selection of matrix M; for a more detailed treatment of this problem see Cerveny
(1985a,b). R

The 3 x 3 complex-valued symmetric matrix M is given by the relation

My, My, - l),ll)_2

- _ —

M M12 M22 —U,gv . (6)
=V U2 —v vt -

Here My,, M, and M,, are the elements of the 2 x 2 matrix M described above, —v, 2=
—(d0/dq;)v™® are the components of the slowness gradient expressed in the ray-centred
coordinate system,

- l),il)m2 = i a(v'l)/bx,-.

Finally, the vector U% represents the complex-valued vectorial ray amplitude and has the
following form,

U% = ACBRE V. Q)
Here R denotes the 3 x 3 complex-valued complete reflection/transmission matrix, and is
given as the product of the 3 x 3 matrices of reflection/transmission (displacement) coeffi-
cients, evaluated at successive reflection/transmission points following the ray from the
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source X° to . At each reflection/transmission point, the matrix of reflection/transmission
coefficients is multiplied by an appropriate rotation matrix which transforms the ray-centred
coordinate system into the local Cartesian coordinate system at the point of reflection/
transmission. B denotes the 3 x 3 paraxial approximation matrix, which makes the evalua-
tion of the displacement vector possible even outside the ray €2. It is given by the relation

B=[ 0 1 6, ®
-8, -6, 1

with
0=uvMHT (x - ).
It is also possible to consider some corrections to the diagonal terms in (8), but they are not

presented here. X
The projection matrix E is given by simple relations:

0 0 o0
E={0 0 0 (9a)
0 o0 1

for the wave leaving the source as a P-wave,

1 0 0
E=|0 1 0 (9b)
0 0 ©

for the wave leaving the source as an S-wave.
The ‘complete receiver matrix’ Cis equal to the matrix H

C=H (10a)
if the receiver % is situated inside the medium, and to
C=2ZRC (10b)

if the receiver is situated on the Earth’s surface Z. Here Z is the transformation matrix from
the local Cartesian coordinate system at T to a general Cartesian coordinate system. RC
denotes the ‘conversion’ matrix, containing the conversion coefficients, and transforming
vectorial amplitudes from the ray-centred coordinate system to the local Cartesian coordi-
nate system at . If the receiver is situated at an inner interface Z, C is again given by (10b),
but matrix RC and the relevant ‘conversion coefficients’ are more complicated.

The scalar ray amplitude factor 4 in (7) is given by the relation

_ Vaexp (i871) _ Vo exp (i87)
[vo ] det (QF)11M2  [up det (Po)| det (Q2) 112

where p and v denote the density and the velocity at #. The quantity o is the product of the
ratios of the impedances (vp) of the reflected/transmitted to incident waves at the individual
reflection/transmission points between %° and ¢, including the ratios of the cosines of angles
of reflection/transmission to the cosines of angles of incidence at the same points. The
quantity &7 =— %kn, where k denotes the index of the ray trajectory (also called the

(a1
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KMAH index). Thus 87 gives the phase shift due to caustics between %° and &. Finally, ¥
denotes the ‘initial amplitude vector’.

The above quantities and equations are derived and discussed in great detail in Cerveny &
Pientik (1983), Klimes (1984, 1986), Cerveny (1985a). This paper follows the notation and
equations in Cerveny (1985a).

We shall now discuss the initial amplitude vector { in (7). For a point source, and the
initial conditions in the dynamic ray-tracing system specified as Q =0, P =P,, the vector ¥
has the following form, see Cerveny (1985a, equation 6.26):

¥ = [v3po det (Po)]"?§. (12)

Here

g= lim [[Ri(IRI T ()]

is the radiation pattern vector of the point source. The variable s denotes the arc length
along the ray, with so corresponding to the source, R, and R, are the principal radii of
curvature of the wave front, U? is the vectorial ray amplitude expressed in ray-centred com-
ponents. For a unit force at %°, orientated along the gaxis of the ray-centred coordinate
system, the radiation patterns are given by the relation (see e.g. Kennett 1983):

g = (4mpov) '8y (13)

Here g; denotes the jth ray-centred component of §. Equations (12) and (13) yield
W, = (4n)! (povo) 2 [det (Po)]'/28;;, where ¥; is the jth ray-centred component of ¥. In
general, for a single unit force orientated along an xaxis of the general Cartesian coordinate
system,

W; = (4n)™ [det (Po)]"? (Povo) * Hyjd k- (14)

Finally, if the source is situated on the Earth’s surface £, or on any other internal surface
Zo, matrix H with components H;; in (14) should be replaced by Z°RC°. Both matrices Z°
and RC have the same meaning as Z and RCin (10b), but they are related to the surface Zo
passing through the source (not receiver).

We now define the Green tensor G (x, £°, f) with components G, (X, %% H,mn=1,2,
3. The component G,,, (%, X% ?) is defined as the mth Cartesian component of the displace-
ment vector at X caused by the application of a single force unit impulse in the direction of
the nth Cartesian axis at point X° and time 0. In the following, we shall work with the
Fourier transform G (X, X°, w) of the Green tensor G (&, %° t). The ith column of G (%,%°, w)
is the displacement vector generated by a single unit force along the ith axis. Thus, the
approximate high-frequency expression for the Gaussian beam Green tensor is easily
obtained by combining the three solutions for single forces orientated along x;, X, and x3
axes of the general Cartesian coordinate system given above. Finally, we obtain

G(X, io, (A))= Z Z éﬂ (iyioa CO), (15)

where

G2 (%, %, w) =2—°; IOA | det (QR)] [ det (M — MR)]2 exp (iwr), (16)
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and

A =ASCBRE(C)T,

6= Vo exp (i67) a7
47 [pop vov 1det (Q) 112

The quantity 7 is given by (3). Matrix C° has the same meaning as C, see (10a) and (10b), but
applies to the source point %°.

The above equations remain valid even if we use paraxial ray approximations instead of
Gaussian beams in the summation (15). The only difference is that the matrix M in (16) and
in the expansion for 7 in (3) is real-valued, not complex-valued as in the case of Gaussian
beams. The matrix M may correspond to a plane wavefront, or to an effectively plane wave-
front at the source or at the endpoint, or to some other suitable wavefront choice. The
matrix M, however, must be chosen different from MK,

Finally, the above equations may be simplified to give the ray theory solutions or the
single paraxial ray approximation solution. Summation over rays is not necessary in either of
these cases.

Let us first consider the single paraxial ray approximation solution. For each elementary
wave, we shoot only one ray 2 from %° with the endpoint # close to the receiver point % (not
necessarily at X). Then the paraxial ray approximation yields

G, w= 2 Gk O, w), (18)
(E.W.)

where

G (%, 2°, w) = A exp (iwr). (19)

Here 7 is given by (3), with M;; = M in (6). Equations (17) for A remain the same.

In the standard ray theory solution, we again use only one ray. We must, however, find
the ray © from x® which passes through % (¢ = %). Thus, two-point ray tracing is needed in
this case. Equations (18) and (19) remain valid. Since # = %, we have 7 = 7o and B =1 in this
case, see (3) and (8).

3 A general single-force/moment-tensor point source

Using the Green tensor, we can easily write compact approximate high-frequency expres-
sions for a general single-force/moment-tensor point source. We again denote the displace-
ment vector at the receiver point X by @ (X, w). We can write

ik w= L La"Rw)
(E.W.) ()
in the case of the Gaussian beam or of the paraxial ray approximation summation, or
ik w)= L 0%, w)
(EW.)
in the case of the single paraxial ray approximation, with
87 (%, 0) = 6 (%, %%, ©) [F* (@) - iwM° (@) p°]. (20)

Here CQ(X, %°, w) is given by (16) or (19), respectively, F® is the Fourier transform of the
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single force and M° is the Fourier transform of the seismic moment tensor. Both F° (w) and
MC(w) are applied at %° and are expressed in Cartesian components. p° denotes the slowness
vector at X°. Equation (20) follows from some general expressions given by Aki & Richards
(1980), or by Kennett (1983, equation 4.46).

4 Double-couple buried point source in a 2-D medium: numerical examples

Several numerical examples of seismic wavefields generated by a double-couple point source
in a 2-D medium, evaluated by the Gaussian beam approach, can be found in the paper by
Cerveny (1985b). In that paper, the double-couple point source is situated close to the
Earth’s surface and only P-waves generated by the source are considered.

In this section, we present synthetic seismograms for a more realistic situation. We
consider a buried double-couple point source situated in a 2-D laterally varying layered
crust. Both P- and S-waves generated by the source are considered. The synthetic seismo-
grams show correct relations between the P- and S-waves generated by the doublecouple
source under consideration. '

As we have seen in the preceding sections, the Gaussian beam approach, the paraxial ray
approximation or the standard ray method can be easily used for the evaluation of the wave
field in inhomogeneous structures. The standard ray method computations for the double-
couple buried point sources in 2-D layered models can be effectively performed by the
program package SEIS83, which is now available from the World Data Center A for Solid
Earth Geophysics, Boulder. A detailed description of the program package SEIS83 can be
found in Cerveny & Pfendik (1984a) (see also gerven)" 1985c). The program package SEIS83
has been used mostly in the structural studies, in which an isotropic point source of the
explosive type is usually considered. Here we show that the package may also be used to
evaluate the synthetic seismograms for a general double-couple buried point source.

Alternatively, synthetic seismograms for the same model of medium and source could be
evaluated by the Gaussian beam method using the program package BEAMB84, see Cerveny
(1985b). For a source situated in a 3-D medium, the program package SW84 (see Section 6)
may be used.

In Cerveny (1985b), the synthetic seismograms were computed for the doubleouple
point source situated in a 2-D laterally varying two-layered model of the Earth’s crust, called
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Figure 1. Model ZURICH A. Bold lines denote interfaces which coincide with the isovelocity lines. The
first inner interface is of second order. The numbers give the values of velocity along the isovelocity lines.
The asterisk denotes the position of the source.























































































