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Grid Travel-time Tracing:
Second-order Method for the First Arrivals in Smooth Media

Lupik KLIMES!

Abstract — A new computational scheme for calculating the first-arrival travel times on a rectangu-
lar grid of points is proposed. The new proposed method is of second-order accuracy. This means that
the error of the calculated travel time is proportional to the second power of the grid spacing. The
method should be sufficiently accurate for all applications in smooth seismic models. On the other hand,
the method is not, in its present form, proposed for models with structural interfaces which make the
method unstable and generate travel-time errors of the first order. Equations are also presented for the
appropriate evaluation of the errors of calculated travel times to check their accuracy, and the proposed
method is compared with other numerical methods. The method is developed, described and demon-
strated in 2-D, but may also be extended to 3-D models and to general models with structural interfaces.
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1. Introduction

In recent years, many authors have proposed methods of calculating travel times
on regular rectangular grids of points. The grids represent discretized forms of
seismic models, as in full-wave finite-difference methods. The error of calculated
travel time is then proportional to some power of the grid spacing. The accuracy
order of the numerical method refers to this power. As a rule, the grid travel-time
calculating methods have been proposed for first-arrival travel times, and may be
divided into two classes:

(a) Methods interpolating already calculated travel times between gridpoints
in order to evaluate the travel time at the closest next gridpoint. These
methods are often called “finite-difference” eikonal-equation solvers, but
the author would prefer some other common name, for instance grid
travel-time tracing proposed here, because the ordinary meaning of
“finite-differences” would have to be generalized considerably to also in-
clude all these methods. These methods developed from the noncausal

! Department of Geophysics, Charles University, Ke Karlovu 3, 121 16 Praha 2, Czech Republic.



540 Ludék Klime§ PAGEOPH,

(but second-order in a smooth medium) method of VIDALE (1988), through
its causal modification by QIN et al. (1990, 1992) and many other al-
gorithms, to the stable but first-order method of PoDVIN and LECOMTE
(1991). The accuracy of the first-order mcthods may be increased consider-
ably by replacing the plane wave-front approximation with a method of
higher order, if the updating scheme is made stable for the interpolation
method. The accuracy of the second-order methods may be increased
considerably by local application of spherical wave fronts (not by using
general spherical coordinates centered at the point source) and by accurate
travel-time matching at structural interfaces.

(b) Methods based on shortest-path network algorithms. They developed from
the less accurate methods of orders between 0 and 2 by NAKANISHI and
YAMAGUCHI (1986), MOSER (1989, 1991) and SArTO (1989, 1990), to the
self-adaptable algorithm of the first order by KLIMES and KVASNICKA
(1994). ;

Note that many other methods of travel-time calculation, not connected with
regular rectangular grids of points and mostly devoted to ray-theory (instead of
first-arrival) travel times, such as wave-front tracing by VINJE et al. (1993) for
example, are not discussed here.

The method proposed here follows the grid travel-time tracing approach (a),
and is based on the idea of calculating the slowness vectors at gridpoints together
with travel times. The simultaneous calculation of the slowness vectors and travel
times has already been proposed by VAN TRIER and SYMES (1990, 1991). PUSEY
and VIDALE (1991) then applied centered differences to the slowness-vector compo-
nents and obtained the very accurate second-order method for smooth media.

In the method proposed here, the travel times between two adjacent gridpoints
are interpolated by an accurate second-order or third-order method. The point on
the gridline segment, from which the ray propagates to the next gridpoint, is
approximated with an accuracy proportional to the square of the grid spacing.
Slowness is interpolated linearly. From the point on the gridline segment, the
slowness vectors and travel times are approximated by expansions accurate up to
terms with second partial travel-time derivatives. Thus, in a smooth medium the
resulting travel-time error corresponds to the neglected second partial slowness
derivatives, and is of the order of the squared grid interval. The rays are then
approximated very accurately in the smooth parts of the model, i.e., in the regions
where the second partial slowness derivatives are kept within some reasonable finite
limits. This is not the case of the first- and second-order interfaces, where the
method must be generalized by means of matching travel times on both sides of the
interface.

The method is briefly explained in Section 2. The equations for the extrapola-
tion of the first-arrival travel times and the corresponding slowness vectors to the
next gridpoint are given in Section 3. The relative first-arrival travel-time error of
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the proposed 2-D second-order method is estimated in Section 4. To compare the
proposed method with two first-order methods,. the relative travel-time error
estimation of network ray tracing by KLIMES and KVASNICKA (1994) is specified
for 2-D smooth models in Section 5.1, and the relative travel-time error of the
first-order method by PopvIN and LECOMTE (1991) in 2-D smooth models is
estimated in Section 5.2. The accuracy estimation of Section 5.2 may also be used
as a stand-alone result by people using the programs based on the algorithm by
PobVIN and LECOMTE (1991). Theoretical accuracy estimations of Sections 4 and
5 are illustrated by simple numerical examples in Section 6.

2. Algorithm

Slowness vectors are calculated at gridpoints together with travel times. This
means that, in 2-D, instead of each slowness describing the discretized smooth
model, 2 components of the slowness vector must be stored in memory. The length
of the slowness vector is, of course, equal to the slowness and is not changed during
the calculation. Before calculation, input velocities are transformed to slowness
vectors of arbitrary orientation. During the updating process, the orientations of
the slowness vectors are corrected step-by-step, without changing their lengths.

Thus, in 2-D smooth models, four storage locations are required per one
gridpoint: 1 travel time, 2 components of the slowness vector, and 1 index in the
waiting queue. This queue contains the indices of the gridpoints waiting to initiate
updating of other gridpoints. A gridpoint may initiate updating of its neighboring
gridpoints if it is known that the gridpoint will not be further updated.

Updating of a gridpoint then consists in evaluating a new estimation of the
minimum travel time at the gridpoint, i.e. in finding the minimum travel time
corresponding to the considered kinds of travel-time progagation and updating the
previous estimation of the minimum travel time. Under travel-time propagation we
include here the considered ray paths leading to the gridpoint at which the travel
time is calculated from the gridpoints or gridline segments where the travel time has
already been determined.

Two different kinds of travel-time propagation are considered:

(a) The travel-time field interpolated along the gridline segment between two
adjacent gridpoints and propagating along rays perpendicular to the local
wave fronts, called “refracted” hereinafter.

(b) Diffractions at gridpoints.

“Refracted”’ travel-time fields (a) are taken into account just in the region
between two half-lines given by the slowness vectors. Only the end gridpoints of the
two nearest parallel gridline segments may be updated. See Figure 1.

Diffracted travel-time fields (b) are taken into account at all 8 nearest grid-
points.
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®’s denote two end gridpoints of the gridline segment along which the travel time has already been

determined and which initiate updating; ©’s denote the end gridpoints of the two nearest parallel gridline

segments; O denotes the gridpoint to be updated if the new travel time is less than the previously
determined value.

Source. For the sake of conciseness, we consider only an arbitrarily positioned
point source in this paper.

Initialization. When starting the algorithm, gridpoints surrounding the source
are updated and put at the beginning of the queue. By the surrounding gridpoints
we mean here all gridpoints situated in the square of half-side (% + H) centered at
the point source. Here H is a small positive length not exceeding the grid interval
h in order of magnitude. For example, the author presently applies H =3 h.
Updating consists in determining the travel times and slowness vectors, and for the
point source is, of course, of diffraction type (b) with diffraction at the point source.

There exists minimum travel-time increment d_;,, such that the travel time at
the updated gridpoint Y, is at least by d,,,, greater than the travel time at the
gridpoint initiating updating, see Section 2.1. We may thus separate the gridpoints,
according to first-arrival travel times, into intervals of length not exceeding d,,,;,.
The node being updated then belongs to a higher interval than nodes Y, and Y,
initiating updating, and the INTERVAL algorithm by KLIMES and KVASNICKA
(1994) can be used to select the gridpoints to initiate the updating of the neighbor-
ing gridpoints.

The INTERVAL algorithm. The gridpoints from the waiting queue are sepa-
rated into intervals of lengths d;, according to their travel time. Instead of
searching for the gridpoint of the minimum travel time, all gridpoints from the
lowest nonempty interval may initiate updating. The updated nodes then belong to
intervals higher than the lowest nonempty interval. That is why the gridpoints from
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the lowest nonempty interval cannot be further updated and may thus initiate
updating. At the beginning, only the gridpoints with travel time determined during
the initialization are stored in an unsorted queue. The queue may be represented,
e.g., by an array Q in which the indices of the gridpoints are being stored. Once the
gridpoint has been updated, it is added to the queue. First, updating is initiated by
the nodes in the queue belonging to the lowest travel-time interval of size d,;,. The
gridpoints which have already initiated updating are removed from the queue. Once
all gridpoints of the interval are removed from the queue, we proceed to the next
travel-time interval of length d.,, and this procedure is repeated until the queue is
empty.

Now the reader may have noticed that we have spoken of a single gridpoint
initiating updating, whereas “refraction” travel-time propagation (a) is initiated by
a couple of neighboring gridpoints. If a gridpoint is selected by the INTERVAL
algorithm to initiate updating, all four neighboring nodes (in 2-D) are searched for
travel times not exceeding the travel time at the selected gridpoint. The “refraction”
updating (a) is then started from all gridline segments Y, Y, connecting the
gridpoint initiating updating with a gridpoint of less or equal travel time. There
should be, in most cases but not always, 2 such gridlines per each gridpoint in 2-D.

Each gridline Y, Y, may initiate updating of at most 2 of 4 end gridpoints of the
nearest parallel gridline segments. There will be, in most cases but not always, 0 or
1 such points Y, per each gridline segment Y, Y; in 2-D, one half on the average.
Two points Y, per gridline segment Y, ¥, are not expected to be frequent in smooth
models.

2.1 Minimum Travel-time Increment in 2-D

A locally homogeneous medium of the slowness equal to the minimum slowness
u,,, in the model will be assumed for the estimation of the minimum travel-time
increment d_ . between the gridpoint initiating updating and the updated gridpoint.
This is, of course, a very rough approximation, but it is applied only locally and is
secured with the minimum slowness. In addition, we shall restrict the derivation to
the vicinity of the point source where the influence of the wave-front curvature on
the minimum travel-time increment is probably most pronounced.

We shall consider here the local coordinates parallel with gridlines and centered
at the point source. Assume 4 gridpoints

A=(x,y), B=(x+hy, C=(xy+h), D=(x+hy+h), (1

where 4 is the grid spacing. Assume that the coordinates are chosen in such a way
that

y=>x =0 (2)

If point B is selected to initiate updating, then only point 4 of these points has
smaller travel time than B and the “refraction” updating (a) is started from gridline
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segment AB. The gridpoints to be updated are C and D. If
x+h<h+H and y<h+H, 3)

point B has already been updated during the initialization and placed in the queue
in front of C and D. Since the minimum travel-time increment is used to avoid
premature updating of C or D if placed in the queue in front of B, we shall
constrain the derivation by

x+h>=h+H or y>h+H. 4)
The travel-time increment between B and D may be limited by
do(x, 1) = [V HBZF G+ 02 = S5+ W7+ 9 thyi. (5)
Under constraints (2) and (4), function (5) has minimum

dy= [V2(h + H) — /(h + H) + H” ]ty (6)

Under constraints (2), “refraction” updating (a) is applied to gridpoint C only if
x =0. The travel-time increment between B and C may then be limited by

& () =[O+ G +R = SO+ 1 | thin (7)

Under constraints (4) with x =0, function (7) has minimum

d=[2h+H— Jth+H)? + 1) e, (8)

which is greater than (6) and thus need not be taken into account.
The minimum travel-time increment (6) is increasing with H, and approaches its

minimum value of
drin = (/2 = it )

for H approaching zero.

Since the difference between (9) and (6) should not substantially affect the
numerical efficiency of the algorithm and since the above considerations are, to
some extent, approximate, we suggest (9) is used as the lower bound of (6),
independent of H.

3. Travel-time Calculation

3.1 Propagation of Type (a): ““Refraction”

Let us assume that Y, is the endpoint of gridline segment Y,Y, initiating
updating, nearest to the updated point Y,, whereas Y, is the more distant one. For
the travel-time interpolation, a local coordinate system may be introduced by the
following simple transformation of a general 2-D Cartesian coordinate system



Vol. 148, 1996 Grid Travel-time Tracing: Second-order Method 545

connected with the grid: the origin is moved to point Y,, and, if the gridline
segment Y, Y, is not parallel with the first coordinate axis, the two coordinates are
exchanged. Endpoints Y, and Y, of the gridline segment initiating updating, and
gridpoint Y, to be updated, then have coordinates

Xo=1(0,0), x;=(Ax;,0)=(£h0), x,=(0,Ax;) =(0, +h), (10)

respectively. We also denote the corresponding travel times and slowness vectors in
the local coordinate system

Tos Po = (P10> P20)s  T1s P1 =(P11>P21)s T2 P2 = (P12, P22)- (11)
3.1.1 Linear slowness interpolation

Slowness is linearly interpolated inside the triangle Y, Y, Y,, from slowness u, at
Y,, slowness u, at Y, and u, at Y,,

u(xy, X,) =ty + Uy x1 + Uy x5, (12)

with

Uy — Uy Uy — Uy
U = 1
U, Uy) (Axl : Ax2> (13)

being the slowness gradient.

3.1.2 Backprojection of the updated gridpoint

First, the backprojection ¥, of the updated gridpoint Y, onto the gridline
segment Y, Y, initiating updating is determined; see Figure 2. The point of
intersection of two straight lines given by the slowness vectors is selected as center
C of the central projection. This means that the backprojected point lies on the
straight line connecting center C and gridpoint Y, to be updated.

3.1.3 Cubic or quadratic travel-time interpolation
Gridpoint Y, cannot be updated unless

Po o and 2250, (14)

Ax, Ax,
i.e., unless the wave front propagates from segment Y, Y, towards gridpoint Y, and
not to the opposite side. For the notation refer to (10) and (11).
If inequalities (14) are in force, the projections of points Y, and Y, onto the
parallel gridline through Y, are

A A
io=(x.o,sz)=<”‘° "isz), il=(fc.],Ax2)=<Ax1+’%,zxxz). (15)
21

20

Point Y, can be updated if it is situated between the projections,

)le )zll
—<0 0<—. 16
Ax, <0 and O0< Ax, (16)
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Figure 2
Y, and Y, are two end gridpoints of the gridline segment along which the travel time has already been
determined and which initiate updating; Y, is the gridpoint to be updated if the new travel time is less
than the previously determined value; C is the point of intersection of straight lines given by the slowness
vectors; ¥, is the backprojection of the gridpoint to be updated, i.e., the point at which the travel time
is interpolated.

The backprojection ¥, of point Y, is then
Ax. 5
%= (%12, 0) = (—— e ,0>. (17)
X10 — X1

3.1.3.1 Cubic travel-time interpolation
The travel time between points Y, and Y, may be interpolated by third-order
Hermite polynomial interpolation with respect to X,

(X)) = (2a0 + Daya (1o — 1) + 11 + apa1(a1p1o + @oP11) Ax,, (18)
where
- X2 o o
ag(X,,) =—A , a1 (X)) =ap(X,) — 1. (19)
X1

If the backprojection coincides with Y, a, =0, and if the backprojection coincides
with Y,, a, =0. Taking into account that the derivatives of both a, and a, with
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respect to %, equal (Ax;) !, the first and second derivatives of (18) are
P1(%15) = 6apa, (1o — 1 )(Ax,) ™' 4+ (2a0 + a))a, pio + (ao + 2a,)agpy, (20)
and
T, (%12) = 6(ag + a,)(to — T1)(Ax,) 72 + 2[(ao + 2a,)p1o + (2a0 + a))py J(Ax,) 7.
(21)
If there is an error dp, in p,y and p,,, this error is projected through equation
(20) onto the new slowness-vector components p,, with a multiplication factor of
q = (2ay+ ay)a, + (ap + 2a,)ag =1+ 6aya, . (22)

Multiplication factor (22) is limited by inequalities —1/2 < g <1 resulting from
(19). For multiplication factors g close to 1, the error dp; in the slowness-vector
accumulates along rays, and the accumulated error is projected by means of
equation (18) onto the travel time, see Section 4.1.

3.1.3.2 Quadratic travel-time approximation

The accumulation of error dp, in the slowness-vector may be avoided by a
modification of interpolation (18). If the average slowness-vector component
1(p1o +pyy) is replaced in (18) by the difference (1, — 7o)(Ax,) ~!, while considering
the wave-front curvature described by the difference p,; — p,q of the slowness-vector
components, equation (18) becomes the quadratic approximation

UXy2) = 1o+ ap(T) — 10) +%aoal(Pn —P1o)Ax, . (23)

Taking into account that the derivatives of both a, and a, with respect to X, equal
(Ax,) !, the first and second derivatives of (23) are

(X)) =(t; — To)(Axl)_‘ +%(a0 +a ) (pii —Pio) (24)
and
T, (%) =(pni _1710)(Axl)?1 . (25)

Although the quadratic approximation (23) generates a local relative travel-time
error of order 4 not contained in (18), it is usually globally more stable and
accurate than (18) because accumulation of error in the orientation of the slowness
vector is avoided. For example, compare Figures 3b and 3c of Section 6.

3.1.4 Spherical correction
The above cubic interpolation or quadratic approximation is sufficiently accu-
rate if the center C of the central projection,

A
Lo, xf =By (26)

xg‘:—’ k]
(Zlo_@) P2o
20 P2
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is sufficiently distant from the gridline Y, Y,. In practice, “sufficiently distant” may
mean at least N grid intervals with given N,

N]? —Pu
20 P2
The value of N affects, for instance, the accuracy in the vicinity of the point source.
Although the cubic interpolation is very accurate if the point source is at a
gridpoint even without this restriction, for a general source position and possibly in
some other situations, the value of N should not be less than 2. On the other hand,
N is unlikely to have to exceed 20 even for very accurate testing calculations. As we
shall see below, large N slows down the computation, but not considerably. That is
why N need not be chosen too small. The author recommends values of N from 10
to 20, believing that N = 10 should be sufficient for all contemporary seismological
applications.

If inequality (27) is not in force, cubic interpolation or quadratic approximation
of the spherical wave front may not be sufficiently accurate. In such a case, a
reference travel-time distribution along gridline segment Y, Y, resembling spherical
wave fronts, may be introduced in order to interpolate only the travel-time residuals
with respect to the reference solution.

In accordance with the central projection employed above (see Figure 2), a
simple reference travel-time distribution is introduced: the slowness vectors along
gridline segment Y, Y, are assumed to have the directions of the projecting straight
lines passing through the center C of the central projection. Since the length of the
slowness vector equals slowness

u(xy, 0) =uo+ Uy x, (28)

<l1. 27

linearly interpolated along the gridline, the assumption yields the travel-time
derivative along the gridline,

_4C
Prln) == Shutx, 0, (29)
1
where
r(x;) = /(x, — x)? +(x£)? (30)

is the distance from center C. The reference travel time is then the integral of its
derivative (29),

#Hx;) = %{r(xl)[u(xla 0) + u(xlc’ 0] - U, [X2C]2 In(r(x;) +x, — x]c)} . (31
The second reference travel-time derivative
[x51° x, —xf
u(x,, 0) +
e 0 T )

is the result of differentiating (29).

7q-'n(xl) = U, (32)
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The travel-time and first slowness-vector component residuals are
Ty=1—%0), pi=0, %=1 —HAx), p,=0 (33)

3.1.4.1 Spherical correction with cubic interpolation
If cubic interpolation of travel times described in Section 3.1.3.1 is chosen,
travel-time residuals (33) may be interpolated by cubic interpolation (18),

(X12) = (2a0 + Daja, (T, — 7)) + 74, (34
P1(R12) = 6aa, (T, — T))(Ax)) 7!, (35)
Tll()z-lz) =6(ao+a1)(f0—f1)(Ax,)_2. (36)

3.1.4.2 Spherical correction with linear approximation
If quadratic approximation of travel times described in Section 3.1.3.2 is chosen,
the travel-time residuals (33) should be approximated by linear interpolation

X)) =a(fo— 1) + 11, (37)
(%) = (G — T )(Ax) 7, (38)
Tu(flz)zo- (39)

The resulting interpolated quantities at the backprojection ¥, of the updated
gridpoint Y, are

1(%),) = (%) + 1(F1) (40)
Pi(F2) =P (%) +5i(X12), (41)

and
T, (%) = Th(Fp) + T (Fo) - (42)

Residual quantities £, §,, and T, in (40) —(42) are given by (34)—(36) or (37)-(39),
respectively.

3.1.5 Slowness-vector extrapolation
We denote i, = u(%,,, 0) the slowness at backprojection ¥,. If
(@) > (p)?, (43)

which should apply to all reasonably discretized models, the second slowness
component at Y, is

P2 = sign(Ax,) /(@) — (p1)*. (44)
The remaining second partial travel-time derivatives follow from equations
U =Typ+Tipy, Uy =Tip +T5p; (45)

and are given by

Ty=U —p T (p2) ' To=(@U,—p Ti)(p2) - (46)
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Now the slowness vector at Y, may be approximated by a Taylor expansion,
Pia=p1— T X+ T Axy,  Pay = pa— Tip%ip + Ty Ax,. (47)
Finally, the slowness vector at gridpoint Y, is normalized,

P2 = uzﬁlz/\/ (Pi2)” + (1522)2, P = uzp_zz/\/ (1312)2 +(P2)”. (48)

3.1.6 Travel-time evaluation
Equation
=1 +3{—[p1 +p)%0 + (P2 + P22] Axa} (49)
may then be used to calculate the travel time at the updated gridpoint Y, using the

averaged slowness vectors at point ¥, and Y,. Equation (49) is accurate up to the
second-order terms in the Taylor expansion of travel time.

3.2 Propagation of Type (b): Diffractions at Gridpoints

The travel time between point x = (x,, 0) and x, = (0, Ax,) is approximately

At =W,/[xl]2 AT (50)

The accuracy of (50) is very similar (although not exactly the same) as of (49). The
corresponding slowness vector at ¥, may be approximated as

(Bras )_u(xl’o) +uy, (—x,Ax)
e 2 I+ 1A
and normalized according to (48). For propagation from Y, to Y,, x; =0 in (50)
and (51), and for propagation from Y, to Y,, x; = Ax; in (50) and (51).

+%(U1, U,) [Xl]z + [szlz (51)

4. Accuracy Estimations

We denote the second partial derivatives of slowness u in the local coordinates
U,,, U,=U,, and U,,, the third partial derivatives of travel time in the local
coordinates T,,x, and the vector from the backprojection ¥, to updated point Y,
E = (El s EZ),

E=(—-%,,Ax), (52)

all in the local coordinates.

4.1 Error of Slowness-vector Extrapolation

The error of the slowness-vector extrapolation (34) due to neglected third
partial travel-time derivatives is

AP_I = _%TIJKEJEK (53)

per single extrapolation. By normalization (48), the error is projected onto the










































